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What is an Inverse Problem?

J.B. Keller said: “We call two problems inverses of one another 

if the formulation of each involves all or part of the solution of 

the other”. In other words, an Inverse Problem is considered 

the process of calculating from a set of observations the factors 

that produce them. For instance, in mechanics one direct 

problem is to calculate the trajectory of an object from knowing 

the initial forces. The inverse problem would then be to 

calculate the initial forces from knowing the object’s trajectory. 

This is a situation often found in real life.

Well-Posed and Ill-Posed 
Problems

A problem is consider well-posed when it satisfies three 
conditions:

• Existence: The problem has a solution,

• Uniqueness: There is not more than one solution, and

• Stability: The solution depends continuously on the data.

On the other hand, a problem that is not well-posed, it is ill-
posed resulting in several solutions or solution which lose 
reliability with the data as it does not depend on it.

For many years, it was believed that only well-posed problems 
were motivated by physical reality due to their characteristic 
properties. This led to a period in which ill-posed problems were 
not studied and even forgotten. 

However, the discovery of the ill-posedness of inverse problems 
modified that belief and led to the following statement: A direct 
problem is well-posed while the corresponding inverse problem 
is ill-posed. This opened a whole field of study as now ill-posed 
problems could be found in real life. Nevertheless, the next 
question is how to model these problems. 

Computer Power and Noise

Conclusion: Inverse Problems 
are important

Its main utility falls in the fact that when encountering a 
phenomenon that cannot be analysed directly, it is possible to 
construct mathematical objects, usually equations or 
functions, from observational data to emulate such data. 
These objects are easier to understand and manage and 
through analysing them the phenomenon can be understood.

Inverse Problems analysis helps to solve and deal with real 
life problems that otherwise would not be approachable 
because of ill-posed behaviour.

Current and future applications are limitless mainly because 
every problem has its corresponding inverse problem and 
when dealing with a phenomenon most times only data of the 
effect is available and not the causes. On those situations, 
Inverse Problems is the perfect tool to obtain answers.

Fredholm Equations

Fredholm integral equations of the first kind model ill-posed 
problems. These equations have the following general form:

Where f(t) is the unknown function.

One example of these equations is the Abel’s problem to find 
the curve of descent as a function of the vertical distance of fall

Where a is the gravitational acceleration and f(y) is the wanted 

function (the solution). 
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As expected, much computer power 

is necessary to find numerical 

solutions of inverse problems. It was 

not until after WWII that technology 

allowed finding these solutions to be 

practical.  Now, solutions are 

obtained with less-than-a-page piece 

of code like the one presented here.

Nevertheless, computational tools 

brought not just solutions but also 

awareness of the instability of these 

solutions due to ill-posedness. This is 

a result of using discrete data to 

solve continuous equations. 

In many cases it occurs that the solution is very sensitive to 

the data causing that small oscillations, or error, in the data 

produce large oscillations in the solutions, or noise, as it 

appears in the graph below. Real data is not exact and it 

always comes with error thus the solutions will present it as  

well which makes 

the solutions 

unreliable or even 

absurd. Currently, 

there are many 

methods to find 

solutions to ill-posed 

problems but not 

many to cure ill-

posedness. 


