
The localization transition in the sub-Ohmic

spin-boson model: a short review

Riccardo Bonzano*

Laidlaw research project, supervised by Dr Brendon Lovett*

*Supa, School of Physics and Astronomy, University of St Andrews,

North Haugh, St Andrews, Fife KY16 9SS, UK

(Dated: June 2020)

1 Dissipative quantum phase transitions

A quantum phase transition (QPT) is a phase transition which occurs at zero temperature

in response to the variation of some non-thermal parameter (e.g., pressure, magnetic field).

It is caused by quantum fluctuations subsequent to Heisenberg’s uncertainty principle and

it takes the system between two distinct ground states [1, 2]. Let’s consider a system at

T = 0 which is open (i.e., it interacts with an external quantum system, called the

environment or bath) and which experiences dissipation. This dissipative coupling to the

environment impacts considerably on the system dynamics and can trigger interesting

phase transitions: in this case, we talk about dissipative quantum phase transitions [3].

2 The spin-boson model (SBM)

In a seminal paper in 1981, A. Caldeira and A. J. Leggett proposed a model, known as

the Caldeira– Leggett or harmonic bath model, to investigate quantum dissipation [4]. It

describes a quantum particle in one dimension coupled to a bath modelled by an infinite

sum of harmonic oscillators [5]; this method was first proposed by Feynman and Vernon

in 1963 [6].
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The “dissipative two-level system” (DTS) is a particular realization of the Caldeira–

Leggett model [7]. It describes the effects of dissipation on the dynamics of a particle

that is only allowed to assume two different positions instead of being free to slide on a

continuous coordinate. For example, the system might be a quantum particle delocalized

in a double well potential. Within this framework, it is possible to investigate one of

the simplest and most studied dissipative QPT: the localization transition of a quantum

particle by the bath. When the interaction with the bath is strong enough, quantum

tunneling is suppressed, the wavefunction is collapsed and the particle is localized in

either one of the two wells [7]. Intuitively, any quantum mechanical behaviour by the

system is destroyed when the environment “looks at it” [8].

The DTS has a reduced two-dimensional Hilbert space, which allows the problem to

be described in terms of 1/2 spin operators. Since it is an open quantum system, it can

be described by the tripartite Hamiltonian

H = Hsystem(ψ) +Hbath(η) +Hint(ψ, η), (1)

where ψ, η characterize respectively the state of the system and the bath, and where Hint

accounts for the system-bath interaction. For completeness, we include below the famous

form by Leggett et al [7]:
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Hsystem is expressed by the first two terms, where the first accounts for tunneling and

the second for the energy of the two wells singularly. The third term encodes Hbath by

accounting for the infinite sum of harmonic oscillators that models the bath, while the last

term describes Hint. This particular form of the Hamiltonian, known as the spin-boson

Hamiltonian, contributed to the name that the DTS has acquired in the literature: spin-

boson model (SBM). The SBM is the simplest non-trivial model that describes dissipation

in a quantum mechanical system [9].

2.1 The spectral function and the -Ohmic cases

The bath spectral function encapsulates the complete effect of the environment. Again

for completedness, we include the form by Leggett et al [7]

2



J(ω) =
π

2

∑
α

(
Cα

2

mαωα

)
δ(ω − ωα). (3)

It is assumed to be a smooth function of ω and to display a simple power-law behaviour

J(ω) = Aωs up to some cutoff frequency ωc. The case for which s = 1 is called Ohmic,

0 < s < 1 sub-Ohmic and s > 1 super-Ohmic (the case s < 0 is pathological) [7]. In the

Ohmic case, it is a consensus in the literature that the phase transition from delocalization

to localization (a Kosterlitz-Thouless transition) happens with the increase of the coupling

strength between the system and the bath. This is due to the competition between the

internal tunneling effect of the system and the external dissipation of the environment.

In this review we will focus on the more involved and debated phase transition in the

sub-Ohmic case, giving a brief overview of the state-of-the-art of the field.

Figure 1: This graph shows the localization transition of the Ohmic SBM. The transition
occurs at critical value of the coupling strength αc = 1.25. The system is set up in
〈Sz〉 = 1/2, with no environment excitation. In the steady state, below αc the system
does not localize (tunneling is not suppressed) and decays to 〈Sz〉 = 0; above αc it localizes
in the state it started in. For 0.5 < α < αc, the system shows incoherent exponential
decay. This graph was produced by exploiting the TEMPO algorithm [10]. Own figure.

2.2 Why is the SBM interesting?

The SBM is especially interesting due to its potential for the field of quantum computation

[11, 12], as the decoherence of this system as a qubit is a major hindrance to the practical
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realization of quantum information processing [13]. Furthermore, it displays incredibly

rich physics in quantum criticality and decoherence [14, 15].

3 The sub-Ohmic SBM

3.1 The localization transition

In their seminal paper “Dynamics of the dissipative two state system” [7], Leggett et al

used the popular non-interacting blip approximation to analyse the sub-Ohmic unbiased

(i.e., no detuning between the two wells) case. They found that tunneling is suppressed

at zero temperature and no QPT occurs, while at finite temperatures the system shows

an exponential overdamped relaxation rate proportional to exp(−(T0/T )1−s). Today,

however, it is believed that the QPT is present, although not visible if using the non-

interacting blip approximation. In other words, as the coupling strength between the

system and the environment increases, a transition from weakly damped coherent motion

to localization occurs in both the Ohmic and sub-Ohmic cases. This result was obtained

in a number of papers via different methods, as detailed below.

A line of continuous QPT with associated critical behavior was found for all 0 < s < 1

using the non-perturbative numerical renormalisation group method (NRG) [16]. By

expanding on this work, it was demonstrated that, in contrast to the Ohmic case, the

sub-Ohmic delocalized phase cannot be characterised by a single energy scale only, due

to the fact that the QPT is non-trivial. It was shown that perturbative methods [17],

since they only capture the renormalized coherent tunneling, give sensible results at short

times, but fail in the long time limit. Furthermore, in the strongly sub-Ohmic regime with

s� 1, it was observed that weakly damped coherent oscillations on short time scales are

possible even in the localized phase; this is of crucial relevance to model qubits subject

to electromagnetic noise [18].

The sub-Ohmic QPT was also found by using: the perturbation approach based on a

unitary transformation [19]; an extended hierarchy equation of motion [20]; the density

matrix renormalization group approach [21]; the numerically exact multilayer multiconfig-

uration time-dependent Hartree (ML-MCTDH) method [22]; the flow equations approach

[23]. The use of NRG in combination to hyperscaling relations confirmed the above re-

sults and found that the entanglement between the spin and its environment is always

enhanced at the phase transition, resulting in a cusp (maximum) in the entropy of entan-

glement [14]. This leads to a rigorous unification between entanglement of the spin with
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its bath, decoherence, and QPT [24]. The extension of NRG to the Bose-Fermi Kondo

model found, for sub-Ohmic bosonic bath exponents, critical properties that are identical

to those of the SBM [25]. A general extended coherent state approach was applied suc-

cessfully and the QPT was located by finding the minimum of the ground state fidelity

[26]. A quantum simulation by color centers in free-standing hexagonal boron nitride

(hBN) membranes was proposed and a property peculiar to the strongly sub-Ohmic QPT

was found [27]. Real-time path integral Monte Carlo (PIMC) techniques were used to

show that large coupling strength does not induce incoherent relaxation for spectral ex-

ponents 0 < s < 1/2 even when the thermal equilibrium is almost classical [28]. Finally,

P. Nalbach and M. Thorwart studied the ultraslow quantum dynamics associated with

the sub-Ohmic bath and obtained an excellent phase diagram, displayed below. [29].

Figure 2: Sub-Ohmic SBM phase diagram at T=0. This image was adapted from [29].

3.2 The quantum to classical mapping

Similarities between models can be an extremely powerful analytical tool as overly com-

plex features of one model might be clarified by clearer features of another. A proce-

dure, known as the quantum to classical mapping (QCM), makes it possible to map

the partition function of a n-dimensional quantum system to the partition function of a

n+ 1-dimensional classical system [30]. It can be exploited to investigate quantum phase
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transitions by analysing their classical counterparts. Additionally, by using Monte Carlo

simulations of relevant classical, the QCM becomes a powerful tool for the study of new

quantum universality classes [30, 31].

Under this mapping, the sub-Ohmic SBM is equivalent to a classical Ising spin chain

with long-range interactions. Consequently, it is expected to display a continuous mag-

netic transition with mean-field critical exponents. Vojta et al seemed to disprove the

above when, by using NRG, they found the transition to be characterised by non-mean-

field critical properties for 0 < s < 1/2 [32]. The result was supported by [33, 34].

However, a few years later Vojta et al reported an error in the previous publication:

they showed that there is no breakdown of the QCM and that the exponents are mean-

field [35, 36]. A number of subsequent articles confirmed the result by using several

different techniques: quantum monte carlo technique [37]; sparse polynomial approach

[38]; a variational ansatz for the ground state [39, 40]; extended coherent approach [26].

3.3 Why is the sub-Ohmic QPT interesting?

The interest for the localization transition of the SBM with sub-Ohmic spectral density

is not purely academic. It has been used to model the 1/f noise [41] in quantum dots

[42, 43] and superconductor qubit systems [44, 45]. It also appears in the context of

ultraslow glass dynamics [46], quantum impurity systems [47, 48], and nanomechanical

oscillators [49]. The sub-Ohmic case of s = 1/2 can be used to describe electromagnetic

transmission lines [50]. Furthermore, s = 1/2 baths may be realized in the context of

effective impurities in ultracold gases [51].
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