
Introducing the Chemostat

A chemostat is a well-mixed, continuously diluted volume contained within a 
vessel, in which growth substrate is externally supplied from a reservoir at a 
constant flow rate, and from which a mixture of bacteria and spent substrate 

is removed at the same rate, maintaining a constant volume within. The 
steady state population in the chemostat is reached when the rate of 

bacterial growth is equal to the dilution rate, creating an environment in 
which bacteria grow at exactly the rate at which they are removed.
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Quantitative Comparison of Models

Knowing that 𝝁 ̃= 𝑫 in steady-state, we can calculate this specific bacterial 
growth rate using experimental data for each of the five models. We can 

then compare these theoretical values with the actual dilution rate used in 
the experiments to evaluate the validity of the models.

We produced violin plots to compare the actual dilution rate used in each 
experiment, shown by the black cross with error bars, to the distribution of 

the theoretical calculations for the specific bacterial growth rate.

In all cases, the actual dilution rate falls within the bounds of the 
distribution of the theoretically calculated values for the specific growth 

rate, but upon analysing the sum of square deviations between the actual 
dilution rate and theoretical values, the Extended Interaction Model 2 

outperforms the rest.

Motivation

Models exist that effectively capture the dynamics of single substrate growth in 
a chemostat, which are of great practical importance in industries like 

pharmaceutical production.

However, in nature, it is rare for nutrients for to be present in the environment 
as a singular substrate – more often, bacteria will grow on a mixture of different 

substrates. Hence, there is a need for a model that effectively describes the 
dynamics of mixed-substrate bacterial growth.

Bacterial Growth Rate Models

Below are mixed-substrate bacterial growth rate models. The higher-order 
models in (3), (4) and (5) below account for interactions between 

substrates during bacterial growth. 

(1) Sequential Uptake Model

The first and simplest multi-substrate bacterial growth model assumes 
that bacteria simply switch substrate once they have depleted one enough 

that another becomes more favourable. This means that the overall 
steady-state bacterial concentration is equal to the sum of that of each 

substrate, as below:
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(2) Lendenmann Ratio Model

In 1996, Lendenmann proposed a mixed-substrate model where the 
steady-state concentrations of individual substrates in the chemostat were 

proportional to the ratio of the input substrate in the overall growth 
medium. Assuming Monodic growth on a single substrate, this can be 

expressed as:
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(3) Saturation-Based Interaction Model (Yoon)

This model incorporates interaction parameters that account for the 
competitive inhibition effect that each substrate exhibits on the utilisation 
of the other substrates, and is given by the ratio of saturation constants:
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(4) Extended Interaction Model 1

This model expresses interactions between substrates in an even higher-
order manner, through introducing a term of 𝒔𝟏𝒔𝟐 into the growth rate 

equation:
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(5) Extended Interaction Model 2

As above, this model also incorporates an 𝑠1𝑠2 term in the equation, but 

neglects the term 
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Conclusion

The results suggest that the higher-order interactive models, specifically the 
Extended Interaction Model 2, are generally better in predicting the specific 

growth rate in steady-state conditions, highlighting the complexity of the 
underlying mechanisms governing mixed-substrate bacterial growth.

These higher order multi-substrate growth modes can be thought of as 
corrective terms to the single-substrate growth mode; giving rise to different 
bounds on the existing single substrate steady state. In the future, we would 

like to extend this model to account for even higher-order interactions between 
individual substrates.

Growth Substrate 𝒔 In

Existing Single Substrate Model

The Monod model describes the bacterial growth rate, μ, as a function of the 
singular substrate concentration, 𝑠, where 𝐾𝑠 is a saturation constant and 

𝜇𝑚𝑎𝑥 is the maximum growth rate:
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Ordinary Differential Equations can be written to model single-substrate 
bacterial in a chemostat, which lead to the steady-state solutions for the 

growth rate, substrate concentration and bacterial concentration respectively:
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where 𝐷 is the dilution rate, and 𝑌 is the yield coefficient.
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