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1 Introduction and Background Information

1.1 Introduction

First proposed in 2004 by Ogata et al. [11], Algebraic manipulation detection
(AMD) codes can be viewed as a game between an encoder and an adversary.
An AMD code has the form (§,7,K, &) where § is a set of sources, T a
set of tags, K a set of keys and & a set of encoding functions Ej : § — T
corresponding to the keys k € K. The encoder randomly chooses a secret
key and creates pairs (s,t), where s € & and t € T, of sources and tags
using the corresponding Ej. An adversary, knowing a pair (s,t), then aims
to create a fake pair (s',¢') that could be accepted as a real pair.

We present a simple example (a more generalised version of this is given
in [12](Example 1.1)):

Example 1.1. Let § =7 = {0,1}. Define X = {0,1} x {0,1}. For every
(a,b) € K define the encoding function Ejy : & — 7 such that s — as+ b for
all s € §. Hence we have Eg) =0, F1) =1,Eq10 = s and Eq ;) =s+ 1.
In this set up, if we were to choose a pair (s,t), say (0, 1), then this would be
valid with £ = (0,1) or k£ = (1,1). Hence, if the adversary were to present
this pair, they have a success probability of % = %

Paterson and Stinson propose many constructions for AMD codes using
different types of difference structures in finite abelian groups [12]. In this pa-
per we focus on Generalised Strong External Difference Families (GSEDFs).
In order to define this we introduce the following notation:

Let G be an additive group with A;, Ay C G. Then A(A;, As) is the
multiset {x —y : © € A,y € As} and, for A C G,A(A) is the multiset
{r—y:2 € Ay € Ajx # y}. Alternatively, in a multiplicative group
A(Ay, Ay) is the multiset {zy™' : z € Ay, y € Ay} and, A(A) is the multiset
{zy™' 12 € Ay € A,z # y}. Here, a multiset is a set that may have
repeated entries. If an element x appears n times in a multiset, we say x has
multiplicity n.

Definition 1.2 (Difference Set). Let G be an abelian group of order v. A
(v, k, A) difference set is a subset A of G such that the following multiset
equation holds:

A(A) = MG\{0}) (1)



From difference sets we can construct various combinatorial structures
known as difference families.

Definition 1.3 (Difference Family). Let G be an abelian group of order v.
Let Ay, As, ..., A,, be mutually disjoint subsets of G each of size k. Then
{A1, Ay, ..., A} is a (v, my k, N)- difference family ((v, m, k, A)-DF) if the fol-
lowing multiset equation holds:

U A(4) = AG\{0}) (2)

Definition 1.4 (External Difference Family). Let G be an abelian group of
order v. Let Ay, Ag, ..., A,, be mutually disjoint subsets of G each of size k.
Then {Ay, A, ..., Ay} is a (v, m, k, A)-external difference family ((v, m, k, \)-
EDF) if the following multiset equation holds:

U (U AML4))) = NG\{0}) (3)

1<i<m 1<j<m,j#i

Definition 1.5 (Strong External Difference Family). Let G be an abelian
group of order v. Let Ay, As, ..., A,, be mutually disjoint subsets of G each of
size k. Then {A;, Ay, ..., A, } is a (v, m, k, \)-strong external difference family
((v,m, k, \)-SEDF) if the following multiset equation holds for all 1 < i < m:

U A, 4)) = xG\{0}) (4)
1<j<m,j#i
We can then consider a more generalised version of SEDFs by allowing

the subsets to have different sizes.

Definition 1.6 (Generalised Strong External Difference Family). Let G be
an abelian group of order v. Let Aj, Ao, ..., A,, be mutually disjoint sub-
sets of G with |A4;| = k; for all 1 < i < m. Then {A;, As,..., Ay} is
a (v,m;ky, ko, ... km; A, A, ..., A )-generalised strong external difference
family ((v,m; ki, ko, ..., kn; A,y A, ..., A )-GSEDF) if the following multi-
set equation holds for all 1 <7 < m:

U AL 4) = M(G\{0}) (5)
1<j<m,j#i

Hence a (v, m, k,\)-SEDF is a (v,m; k,..., k; X\, ..., A\)-GSEDF.

By comparing data from a computer search, and known constructions
from literature, this paper aims to comprehensively analyse constructions of
GSEDFs and propose potentially new methods of construction.
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1.2 A Brief Background in Group Theory

Every GSEDF exists within a mathematical structure known as a group.
Here, we briefly define the fundamental concepts of group theory that un-
derpin the further results. For a more detailed introduction to group theory
see [1].

Definition 1.7 (Binary Operation). A Binary Operation is a function
x: X x X — X, where X is a non empty set.

Definition 1.8 (Group). A group is a non empty set GG, with a binary
operation *, such that the following properties are satisfied:

(i) Associativity: (x *y) *z =z * (y * 2),Vx,y,z € G.
(ii) Identity Element: 31 € G st. xx1=1%xx =z,Vr € G.
(iii) Inverses: Vr € G,z ' € Gst. zxaxt=a"txx =1
Example 1.9. The integers Z, with addition form a group.

Proof. Binary Operation: If x,y € Z then x + y € Z.

Associativity: Let z,y,z € Z then (x+y)+z=x+y+z=2+ (y + 2).
Identity Element: 0 € Z and for v € Z,2+0=0+x = .

Inverses: If x € Z then —x € Z and v + —x = —x +x = 0. O]

Definition 1.10 (Abelian Group). A group G is abelian if the binary oper-
ation * is commutative. That is, Vx,y € G,x xy = y * x.

Example 1.11. The example in 1.9 is an abelian group as z +y = y +
x,Vr,y € Z.

Definition 1.12 (Subgroup). A subgroup is a subset H of a group G that
is itself a group with the same operation as G. We write H < G.

Definition 1.13 (Cosets). Let G be a group and H < G. Then, for a fixed
element g € GG, the right coset is defined as

Hg=1{hg:he H}
and the left coset is defined as
gH ={gh:he H}

In an abelian group gh = hg for all g, h € GG. Hence, since H < G, gH = Hg
and so we can refer to these simply as cosets.
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Definition 1.14 (Order of an Element). An element x of a group G has
order n € Z if n is the smallest positive integer such that 2" = 1.

The order of an element in a group G must divide the order of G. The
proof of this statement is given in [1](Theorem 1.5.16).

Definition 1.15 (Generator). Let S be a nonempty subset of a group G.
(S) is the group generated by S which is the intersection of all subgroups of
G containing S. Hence (S) is the smallest subgroup that contains S.

Definition 1.16 (Cyclic Group). We say a G group is cyclic if it is generated
by a single element and can write G = (g).

Given two cyclic groups we can create a third, not necessarily cyclic,
group using direct products.

Definition 1.17 (Direct Product). Let G and H be groups with operations
xq and g respectively. Then the direct product is aset Gx H = {(g,h); g €
G,h € H} with the component wise operation * such that

(91, h1) * (92, h2) = (91 *c 92, b1 *11 ha)

These groups can be represented in many different ways. To simplify the
classification of groups we define a notion of equivalence between two groups.

Definition 1.18 (Isomorphism). Let G, H be groups. We say G and H are
isomorphic, and write G = H, if there exists a bijection ¢ : G — H such

that ¢(gh) = ¢(g)p(h).
If ¢ : G — H is not a bijection but still satisfies ¢(gh) = ¢(g)¢(h), then

¢ is a homomorphism

Theorem 1.19. The direct product between two cyclic groups C,,, C,,, that
have order n and m respectively, is isomorphic to the cyclic group C,,,, of
order nm, if and only if n and m are coprime. That is, ged(n,m) = 1.

Proof. Omitted, see [1](Proposition 2.5.16). O

Definition 1.20. (Automorphism) An automorphism is an isomorphism

from a group G to itself. We call the group of all automorphisms of G
Aut(Q).



We can consider a generalisation of direct products known as semidirect
products.

Definition 1.21 (Semidirect Product). Let G, H be groups with operations
xq and xp respectively. Let ¢ : H — Aut(H) be an homomorphism. Then
the corresponding semidirect product G x4 H is the set G x H = {(g,h) :
g € G,h € H} with the operation * defined by (g1, h2) * (g2, h2) = (g1 *¢
Gni(92), ha *1 ha).

By introducing a secondary binary operation, we can add additional struc-
ture to a group

Definition 1.22 (Ring). A ring is a non empty set G, with two binary
operations *; and 9, such that the following properties are satisfied:

(i) Associativity: (x % y) %1 2 = %1 (y %1 2),Vz,y,z € G. Additionally,
(T %9 y) %9 2 = T %9 (Y %9 2),Vx,y,2 € G.

(ii) Identity Element: 31 € G s.it. x % 1 =1% 2 =2,V € G.
(iii) Inverses: Vo € G,z ' € Gst. zxjat=a sz =1.

Hence, a ring consists of a group with binary operation, combined with a
second associative binary operation. Throughout this paper, and in general,
these operations are referred to as addition and multiplication.

Example 1.23. The integers Z, form a ring under addition and multiplica-
tion.

Proof. From example 1.9, we known that Z is a group under addition so we
need only check multiplication is associative.
For all x,y,z € Z

(zy)z = vyz = 2(yz)
O

Definition 1.24 (Field). A field is a non empty set GG, with two binary
operations *; and 9, such that the following properties are satisfied:
First operation:

(1) Associativity: (x %1 y) %1 2 =z % (y *1 2),Vx,y,2 € G.

(ii) Identity Element: 31 € G s.it. x % 1 =1% 2 =2,V € G.
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(iii) Inverses: Vr € G,z ' € Gst. xxja =z % 2= 1.
Second operation:
(1) Associativity: (z %9 y) %2 2 = T %9 (y %2 2),Va,y, 2z € G\{0}.
(ii) Identity Element: 31 € G s.t. x %9 1 = 1 %9 x = 2,V € G\{0}.
(iii) Inverses: Vr € G\{0},3z~t € G\{0} s.t. zxox ! =z sy = 1.

Example 1.25. The integers Z do not form a field under addition and mul-
tiplication as not every element has a multiplicative inverse.

For example, 3(3) = (3)3 = 1 but 3 ¢ Z. However, rationals Q do form a
field with these operations.

1.3 Some General Results About GSEDFs

Lemma 1.26. [10] If there exists a (v, m; k1, ..., km; A1, ..., A )-GSEDF in
a group G of size v then for all 1 <7 < m,

(v —1) Z kik; (6)

J=Ll,i#j
Proof. This follows from (5) in Definition 1.6. O

Theorem 1.27. [10](Theorem 4.3) If there exists a
(v,2; k1, ko; A, Ag)-GSEDF, then A\; = Xy. Furthermore, if k; and ky are
prime then Ay = Ay =1

Proof. (6) tells us that Ay (v—1) = kiko, and Aa(v—1) = kika, so M (v—1) =
/\Q(U — 1) — /\1 = )\2. AISO, /\1|k§1k§2, and /\1 < kl,kg. Since ]{Jl,kg are
prime, we get \; = 1 and hence \y = 1. O

Example 1.28. {{0,1},{2,4}} is a (5,2;2,2;1,1)-GSEDF in Z5. The sub-

traction table for this is,

IS N}
— WO
DN | =



Adding 1 to both of these sets gives,

{{1,2},{3,0}}

which is also a (5,2;2,2;1,1)-GSEDF in Zs, with the same subtraction table
as the GSEDF above.

— | =
DO | DO

3
0
Hence these are two equivalent GSEDF's. In fact, we can add any element

n € Zs and have a GSEDF equivalent to the first one.

More formally:

A(Ai+g,Ai+g)={(r+9g)—(y+g):z €A,y € A}
={r—y:xed,yc A}

Hence, given a GSEDF we can produce several equivalent GSEDF's by adding
a constant. If {Ay,..., A} isa (v,m;ky, ... kA1, ..., A )-GSEDF in G,

thenforallg € G, {Ai+g, ..., A,+g} isan equivalent (v, m; k1, ..., kn; Mg, ...

GSEDF in G.

2 Constructions Using Near Factorisations

Definition 2.1. (Near Factorisation) Let G be a finite additive group with
identity e. A near factorisation of G is a pair of subsets (5,7") such that
G\{e} = ST. That is, for every g € G\{e}, g can be written uniquely as
g = st for some s € S,t € T. In an additive group, this becomes G\{0} =
S+ T. We call (S,T) an (s,t) near factorisation where s = |S| and ¢t = |T|.

First proposed by Caen et al. in 1990 [3], near factorisations can be used
to construct GSEDFs. For simplicity we work in the additive group here,
but the result follows analogously in the multiplicative group. Given a near
factorisation (5, 7) of a group G, G\{0} = S+T = S — (—T), which is equal
to the multiset {s — (—t);s € S,;t € T} = A(S,—T). Hence, {S,—T} is a
(v,2;s,t;1,1)-GSEDF where v = |G|, s = |S| and ¢t = |T.

7



Lemma 2.2. [8](Lemma 1.1) Let G be a finite group. There exists an (s, t)
near factorisation of G if and only if there exists a (¢, s) near factorisation of

G.

Proof. Suppose (S,T') is a (s,t) near factorisation. Then |S| = s,|T| = ¢
and ST = G\{0}. ST = G\{0} if and only if (ST)~! = G\{0}. (ST)~! =
T1571 = G\{0}. So (S, T) is an (s,t) near factorisation of G if and only if
(T7',S71) is a (¢, s) near factorisation of G. O

In [7], Kreher et al. extend the definition of a near factorisation allowing
for cases where A(G\{0}) =S +T.

Definition 2.3. Let G be a finite additive group with identity e. A A-fold
near factorisation of G is a pair of subsets (5,7 such that A(G\{e}) = ST.
In an additive group this becomes A(G\{0}) =S+ T.

In an abelian group of order v, ST = G\{0} = TS = G\{0} and so
(T,5) is a (t, s) near factorisation. In particular, as shown above {1, —S} is
a (v,2;t,s;1,1)-GSEDF in G.

In [9], Kreher et al. show the converse of this argument which allows us
to classify all GSEDF's of this form with the following statement.

Lemma 2.4. [9](Lemma 1.6) Let G be an additive group of order v. Then
there exists an (s,t) near factorisation of G if and only if there exists a
(v,2;s,t;1,1)-GSEDF.

Proof. Suppose (S, T) is a (s, t) near factorisation of G. Then we have already
shown (S, —T) is a (v,2;s,t;1,1)- GSEDF in G. Conversely, if {41, Ay} is a
(v,2;s,t;1,1)-GSEDF in G, then G\{0} = A(A1,Ay) ={z—y:x € A,y €
Ay} = A; — As. Hence, (A1, —Ay) is an (s,t) near factorisation in G. O

Observe that ST = G\{0} = |S||T| = |G| — 1. Hence, Lemma 2.4
provides the construction behind the following theorem.

Theorem 2.5. [10](Theorem 4.2) There exists a (v,m; k1, ..., kyn;1,...1)-
GSEDF if and only if, m =2 and v = kiky + 1, or k; =1 for 1 < i <m and
v =m.

Proof. We first verify m = 2. Suppose (for contradiction) that {A;,..., A}
is a (v,m;k1,....kn;1,...,1)-GSEDF in G, where m > 3 and k; > 1 for



some 1 <7 < m. Without loss of generality, we can assume k; > 1.
Since we have a GSEDF with \; = 1 for all 1 <i <m, (5) gives us

U A 4) =6\{o}

1<j<m,j#i

and so,

U (U AMAL4)) =m-(G\{0})

1<i<m 1<j<m,j#i

Hence, we have

U ( U AML4)) =(m-2)(G\{0}) (7)

2<i<m  1<j<m,j#i

Since |A;| > 1, let z,y € Ay and x #y. Then Ay C G = z,y € G so
r —y € G. Hence, as m > 3 and from (2), there exist v € A; and v € D;,
where 7,7 > 1 and i # jsuchthat u—v=0—y. u—v=0—y = u—x =
v —y. Therefore, u = u — x = v — y will appear twice in

U A(AivAj)

1<j<m

which contradicts A; = 1.

Hence, we need only to consider m =2 or k; = 1 for all 1 < i < m. When
m = 2, from Theorem 1.27 we have 1(v—1) = kyky, which gives v = kijko +1
as required. Similarly, when k; =1 we get 1(v—1) = (m—1)1?sov =m. [

This gives us the condition for the existence of (v, 2; ky, ko; 1,1)-GSEDF's,
and Lemma 2.4 shows that all GSEDF's of this form arise from near factori-
sations. We now discuss a more explicit way to construct examples of these

GSEDFs.

Example 2.6. In the cyclic group Zj¢ of order 16, we have a (16,2;3,5;1, 1)-
GSEDF given by the blocks A; = {1,2,3}, Ay = {0,4,7,10,13}. To see this
GSEDF as a near factorisation, we take the negative of Ay (although the
same can be done using A; as we are in an abelian group). Looking at the
addition table we can observe a pattern:



1 2 3
0} 1 2 3
314 5 6
6 | 7 8 9
9 |10 11 12
12 113 14 15

Each element of Z4 is present exactly once: beginning with 1 in the top
left, and adding 1 across a row and 3 down a column. Indeed, we can see the
same arithmetic progression in A; and —As themselves, with — A, being the
multiples of three from 3 -0 to 3 - 4.

We are able to generalise this example into a concrete construction within
cyclic groups.

Theorem 2.7. [3](Example 1) Let Z, be the cyclic group of order n, and
let s and t be integers such that n — 1 = st. Then

{{1,2,...,s},{0,s,2s,...,(t — 1)s}}
is a near factorisation of Z,,.

Proof. Consider the addition table:

1 2
1 2
s 1+ s 2+s ... 2s
2s 2s +1 2s + 2 ... 3s
t—1)s| (t—1s+1 (t—1)s+2 ... ts

This presents the same pattern as in Example 2.6. The first row has every
element from 1 to s, the second row from s+ 1 to 2s, and so on, reaching the
highest value of ts =n — 1. Since n — 1 < n, no value repeats, and so every
element of 7Z, appears exactly once. Hence, {1,2,...,s}{0,s,2s,...,(t —

1)s} = Z,\{0}. O

This construction produces a valid near factorisation, and hence GSEDF,
for all n € N,n > 1. However, when n — 1 is prime, s or t must be one, and
so the example is trivial. In [3], Caen et al. extend this near factorisation by
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further factorising ¢, but this does not yield new, non-equivalent GSEDF's as
the further construction fails the disjoint condition.

We now have an explanation for the (v, 2; ky, ko; 1, 1)-GSEDF's in all cyclic
groups of order v = k1ky+ 1, however, within the data we frequently observed
a similar construction within the dihedral group of the same order.

Definition 2.8. The dihedral group Ds,, of order 2n, is the semidirect prod-
uct Z, X Zsg, defined by the homomorphism ¢ : Zo — Aut(Z,) where,

b2 (y) = {y vy

-y x=1

When n is odd, Theorem 1.19 tells us that Z,, = 7Z,, X Z,, and so con-
verting the near factorisation from the cyclic to dihedral group appears to be
equivalent to converting from the direct product with Zs to the semidirect
product with Z,. The following theorem is an extension of [13](Lemma 6)
modified to allow for multisets and hence A-fold near factorisations not just
near factorisations.

Theorem 2.9. Let G be an abelian group. Let X and Y be multisubsets
of the multiset A\(G' x Zj) for some A € N, with the usual operation x,
such that X = —X and Y = =Y. Then X and Y are also multisubsets
of M(G x4 Zy), where the operation *4 is the that of the dihedral group.
Furthermore, X 3 Y = X x Y.

To prove Theorem 2.9, we will use the following fact about multiplicities
of elements in multisets.

Lemma 2.10. Let X and Y be multisets, and let x be an element of X
with multiplicity px(x). Similarly, let y be an element of Y with multiplicity
py (y). Then the multiplicity of (x,y) in the semidirect product X X, Y
defined by the homomorphism ¢ is,

fxoa,y ((2,9)) = px (@) - py (y)

Proof. We recall from Definition 1.21 that the underlying set of a semidirect
product X x4 Y, is the cartestian product X x Y. This is well defined in
multiset theory by Blizard [2]. Hence, if 2 appears px(z) times in X, and y
appears py (y) times in Y, (z,y) must appear px(z) - gy (y) times in X x Y
by the definition of the cartesian product with multisets. O
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Proof of Theorem 2.9. We denote by *¢ the operation in GG, %, the operation
in Zy, * the operation in G x Zy, and *, the operation in G' X Zs.

Let (z1,22) be an element of X with multiplicity px((z1,22)), and sim-
ilarly let (y1,y2) be an element of Y with multiplicity py ((y1,y2)). Then
(1, 22) *p (Y1,Y2) € X %4 Y.

We first show X *, Y C X Y, and
MX*¢Y((371»332) *o (Y1,42)) < pixey (21, 22) * (Y1, 92))-

If 2 = 0:
($17I2) *¢ (yhyz) = (CL’1 *@ ¢0(y1),x2 *2 y2)
= ($1 *G Y1, T2 *9 yz)
= (21, 22) * (y1,42) € X xY
If To = 1:

= (21 *c ¢1(Y1), T2 *2 Y2)

= (71 %@ —Y1, T2 *2 o)

= (T1 %G —Y1, T2 %2 —Y2) a8 Yo € Ly 50 Yo = — Yo
= (1, 22) * (—y1, —12) € X * Y

asY ==Y so (—y,—y2) €Y

($1,l’2) *o (?/hyz)

So (z1,22) %4 (Y1,y2) € X %Y, 50 X %Y C X %Y.
For the latter statement, px(z) < px(x) and puy (y) < py (y) hence, since
multiplicities are positive integers:

fxe,y (71, 22) % (Y1, Y2)) = px (21, 22)) - pry ((y1,y2)) by Lemma 2.10
< px (w1, 22)) - py ((y1,92)) from above
= pxwy (21, 22) * (Y1,92)) by Lemma 2.10

So /LX*¢Y((5U171’2) o (Y1, 42)) < pxey (21, 22) * (Y1, 92))-
Conversely, for all (z1,22) * (y1,92) € X * Y
If 29 = 0:

(5U1, 932) * (y1, ?J2) = (961 *G Y1, T2 *2 yQ)
= (xl *G ¢(y1), Tg *9 y2)
= (l’l,&?g) *¢ (y1,3/2) € X >l<¢ Y
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IfIg =1:

(331,352) *( ?Jl,yz) = (331 *G Y1, T2 *2 92)
= (21 % —(—1), T2 %2 —Y2) a8 Y2 € Zy 50 Y2 = —Y>
(131 *G ¢(—Z/1),132 *2 —y2)
(21, m2) *¢ (—y1, —Y2) € X %4 YV
asY = —-Y so (—y1,—y2) €Y

Hence, (1, x2) * (y1,y2) € X #p Y for all (z1,29) € X, (y1,92) €Y
Again, for the latter statement, px(x) < px(x) and py (y) < py (y) hence,
since multiplicities are positive integers:

pxxy (71, 22) * (y1,92)) = px ((v1,22)) - py ((y1, 42)) by Lemma 2.10
< px (w1, 22)) - py (1, 2)) from above
= i,y ((71,22)g * (y1,%2)) by Lemma 2.10

S0 pixs,y (21, 72) *¢ (Y1,Y2)) = pxwy (21, 22) * (Y1,42)), and so X *p Y =
XxY. ]

Remark. Here we only require G to be abelian not specifically cyclic as
the same transformation can be done coming from an abelian direct product.

Therefore, if our near factorisation (S, T), of Zy, for odd n, satisfies the
property that S = —S and T'= —T, then ST = Zy,\{0} = (Z,, x Z>)\{0} in
the direct product, implies ST = (Z, % Z3)\{0} in the semidirect product,
and so (S,T) is a near factorisation of D, also.

Example 2.11. {{1,2,3},{0,3,6}} is a (10,2;3,3;1,1)-SEDF in Zo.
Writing this equivalently in Zs X Zs gives,

{{(1,1),(2,0),3,1)},{(0,0),(3,1),(1,0)}

Recall from Example 1.28, we can add a constant and retain an equivalent
SEDF'. In the context of near factorisations, this means adding a constant to
one set and subtracting the same constant from the other. Adding/subtracting
(3,0) gives,

S = {(47 1),(0,0), (17 1)}7T = {(27 0),(0,1), (37 0)}
and now we have (5,7 such that,

-5 ={(1,1),(0,0),4, 1)} = S
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and
—T'={(3,0),(0,1),(2,0)} =T

which satisfy our conditions in Theorem 2.9.
Hence, (S,T) is a near factorisation of Zs x Zy = Dyq. To verify this, we
check the addition table using dihedral operations.

(4,1)
(4,0)
(2,1)
(1,1)

And so we have converted a near factorisation, and hence GSEDF, from
the cyclic group of order 2n to the dihedral group of order 2n.

The ability to convert the cyclic group of order 2n to Z, X Zs relies on
n being odd. However, in Zj4 there is a (16,2;3,5;1,1)-GSEDF in both Z4
and Dig, yet n = 8 is even.

Theorem 2.12. [3](Example 2) For any factorisation 2n — 1 = ak, we have
a near factorisation (S,T') of D,, where

sz{(w):193%}%(%1):%%%}

and
1 1
T = {(jk,0):0 < j < =} U{(k,1) 10 <j < “o=)

Proof. First, note that when j = O‘T_l,
a—1 ak—k 2n—1—k E+1 kE+1
J 2 9 9 n 5 5 mod n
Also,
k-1 k-1 k+1 -2
- TIRE 2 2 n

Consider the addition table of S and T in Ds,:
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(1,0) (2,00 ... (5510 (
(0,0) (1,0) 2,0) ... (51,00 (0,1) (L, ... (54
(14,0 (24£k,0) ... (3L0) (k1) (1—k1) ... (B2 —Fk1)

—510)...(n—1,0) (L D) A+ 51 (k1)
(B 01— B )2 - B 1) (n—1,1) (B2,0) (1 + &L 0)...  (k,0)

(2k,1) |(1+2k,1) (2+2k,1) ... (2L,1) (—2k,0) (1 — 2k,0) ... (552 — 2k,0)
(k,1) | A+k1) 2+Fk1) ... (3210) (=k,0) (1—k,0) ... (52 —k,0)
Table 1: Addition table of S and T in D,,, with the quadrants highlighted

We now show that every element of Z,, x Z3 appears precisely once in this
table. Note that
k—1 k-1 a—1 a—1

|S||T|:(T+T 1)( 5 5

Hence, we need only show that each element appears at least once in Table

1.
We divide the table into the quadrants highlighted in Table 1:

)=k-a=2n-1

Alz{(/\Jruk,O):lS/\S%,OS sagl}
AQ—{(g—Ak,l):0<§<%,l<u_agl}
Ay = {(\+ 7k, 1) 1<A<%, gwgo‘;l
A4:{(§—wk,0):0§§§%,1éﬂﬁa_l}

Within each block, across the row we add one to the Z, component, whilst
keeping the Zs component constant. Down the columns of A; and Az, we
add k to the Z,, component, and subtract £ down the columns of Ay and Ay.
Hence, looking at the top rows of A; and Ay, we have
kE—1 k+1 k+1

(1,0), (2,0),... (F5=,0), (5=, 0), (1 + =5—=,0) ... (k. 0)
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. Then similarly with the second rows of A; and second A4, we get

k—1 k+1
(144,00, 2+ k,0). .. (k+ =L o), (k + 1

5 ,0),...(2k,0)

and so on. There is one less row in A4 than in Ay so the pattern finishes on
the last row of A; with
kE+1
u+n——§ﬂmr”4n—Lm
This gives us every element of the form (x,0) where = € Z,.
We see a similar pattern in Ay and Aj. Taking the top and bottom row
of Ay, we have

(mnmewuxk;1@xk;{n41+5iixuwwg)

Then the bottom row of Az and second bottom row of A, gives,

k—1 k41
ﬂ+kﬂ%@+kﬁuw%+—E—J%%+—g—ﬁyuw@hw

This pattern continues which gives us every element of the form (z, 1) where
x € Z,. Hence, every element appears precisely once in Table 1, and so
(S,T) is a near factorisation of Dy, O

So now we can explain all the GSEDFs with parameters (v, 2; kq, ko; 1, 1)
where v = kiks + 1, in both the cyclic and dihedral group of each order.
In fact, the computational data suggests that this construction is only valid
within these groups. Theorem 2.9 also gives us a useful way of converting
from a direct product with Zy to the analogous semidirect product. This
then leads to the question: is this process possible when taking the semidirect
product with a different group. Here we will look at Zs.

A semidirect product Z, X Zs requires an automorphism of order 3 in
Aut(Zy,). Aut(Z,) is isomorphic to the set of units (elements that have an
multiplicative inverse) in Z,.

Remark Here we are considering Z, under both addition and multipli-
cation, and so, for the rest of this section, we think of Z, as a ring rather
than a group.

Any automorphism in Aut(Z,,) can be defined as multiplication by a unit
element. So, an order 3 automorphism is equivalent to multiplication by a
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unit of order 3 in the group of units of Z,,, which we denote Z). Recall from
Chapter 1.2, that the order of an element must divide the order of the group;
this places restrictions on which groups may have an order 3 automorphism.
When n is prime, Z* has order n — 1, as only 0 is not a unit. Therefore, we
require 3|n — 1 or equivalently, n = 1 mod 3. For a general (not necessarily
prime) n, |Z)| = ¢(n) so we require 3|¢p(n).

Let v an order 3 unit in Z,. Then, let Y be a subset of Z,, x Z3 such that
aY =Y. We first prove the following lemmas.

Lemma 2.13. Suppose « is an order 3 unit of Z,, and Y C Z, x Z3 s.t
aY =Y. Then, if &« = 0 mod 3, for all (y;,y2) € Y, yo = 0.

Proof. Since aY =Y, for all (y1,y2) € Y there exists (21, 22) € Y such that
(y1, 1) = (21, 29) = (az1,az2). Hence yo = aze =0+ 25 = 0 mod 3. O

Lemma 2.14. Suppose « is an order 3 unit of Z,, and Y C Z, x Z3 s.t
aY =Y. Then for all (y1,12) € Y, a*(y1,y2) = (a®y1, 2).

Proof. If @ = 1 mod 3, then az = z mod 3 for all z € Zs. Therefore,
o’z = a(az) = az = 2 mod 3. Hence o(y1, y2) = (a?y1, a’ys) = (aPy;,yo) If
a = 2mod 3, then o = 2?2 = 4 = 1 mod 3. Hence, o*2 = 2 mod 3. Therefore,
a2(y1, y2) = (®y1, a?ys) = (aPy1,y2). If a = 0 mod 3, then Lemma 2.13 tells

us that yo = 0, and so a?(y1,y2) = (y1,0) = (a?y1,0) = (Y1, ya). O
These two Lemmas give us the following facts.

Corollary 2.15. Suppose « is an order 3 unit of Z,, and Y C Z,, X Z3 s.t
aY =Y. Then, for all (y1,y2) € Y, (a*y1,92) €Y.

Proof. aY =Y = a?Y = a(aY) = aY =Y. So, if (y1,y2) € Y, then
a?(y1,92) € Y and, from Lemma 2.14, o®(y1, y2) = (a®y1, y2). O

Corollary 2.16. Suppose « is an order 3 unit of Z,, and Y C Z,, X Z3 s.t
aY =Y. Then, for all (y1,y2) € Y, (ay1,92) = (ay1,y2) € Y.

Proof. In the proof of Corollary 2.15 we saw that aY =Y = o?Y =Y.
Hence, oY = a?(a?Y) = a?Y =Y. So, if (y1,42) € Y, then a*(y1,12) € Y.
a*(y1,y2) = @?(a?(y1,92)) so by applying Lemma 2.14 twice we get

at(y1, y2) = a?(a®yy,y0) = (a*yi,y2) € Y. Since o® = 1 in Z,, so o = q,
we have (ay,ys) = (ayy,y2) €Y. O
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Now, using these two facts we can prove a theorem similar to Theorem
2.9 but using Zs in place of Zs.

Theorem 2.17. Let Z, be a ring with operation *,, where 3|¢(n) = |Z)|.
Define Z3 = {0, 1,2} with addition denoted ;.

Let o be an order 3 element of Z). Define the homomorphism I' : Z3 —
Aut(Z,) by

I'(z) = ¢, for all x € Z3, where ¢,(y) = a”y mod n for all y € Z,

Denote by * the operation in Z,, x Zs, and by % the operation in the semidi-
rect product Z, x Zs defined by T'.
Then, if X, Y C Z, X Zs such that o X = X and oY =Y, XxpY = XxY.

Proof. Let (x1,22) be an element of X with multiplicity pux((x1,22)), and
similarly let (y1,y2) be an element of Y with multiplicity uy ((y1,y2)). Then
(w1, m2) %4 (y1,92) € X x4 Y.

We first show X *4Y C X %Y, and
gy (21, 02) %6 (Y1,92)) < pixay (71, 22) * (Y1, 92))-

If To — 0:
($1, $2) *r (3/17 y2) = (xl *n ¢0(y1), T *3 y2)
= (951 *n Y1, T2 *3 92)
= (1'1,$2) % (y1,02) € X %Y
Ifaxy,=1":

(£E1,$2) *T (y1,y2) = (!L‘l *n ¢1(y1), Tg *3 y2)
= (371 *n Y1, Tg *3 y2)
= (x1,22) * (ay1,y2) € X x Y by Corollary 2.16

IfﬂngQI

(71, 22) *r (Y1, 42) = (T1 *n P2(y1), 72 *3 Y2)
= ($1 *n 042?J1u To *3 y2)
= (21, 29) * (@®y1,92) € X * Y by Corollary 2.15.

So (x1,22) *r (y1,y2) € X *Y and so X xp Y C X %Y.
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For the latter statement, px(z) < px(z) and py(y) < py(y). Hence,
since multiplicities are positive integers:
#X*¢Y((331, 5172) *¢ (Z/h QQ)) = MX((iUb 1702)) 'MY((ybyz)) by Lemma 2.10
< px((z1,22)) - pry ((y1, 92)) from above
= pxxy ((z1,22) * (y1,92)) by Lemma 2.10

Conversely, we show X *Y C X % Y, and
MX*¢Y(($17$2) *o (Y1,92)) = pxsy (71, 72) * (y1,92)):

If xo=0:
(ZU1, 932) * (y1, ?J2) = (5151 *n Y1, To *3 yz)
= ($1 *n ¢0(?J1); To *3 y2)
= (21, 22) *r (Y1,92) € X #r Y
If To = 1 .

(1, 22) * (Y1, Y2) = (T1 %5 Y1, T2 *3 Y2)

= (21 *5 Oégyl,iUQ * o)

= (21 *n 9251(0423;1), Ty *3 Yo)

= (11, 29) *r (&®y1,12) € X #p Y by Corollary 2.15

If$2:22

(w1, 22) * (Y1, 92) = (T1 %5 Y1, T2 %3 o)

= ($1 *n 043y1,$2 * yz)

= (1’1 *n ¢2(ay1), T *3 yz)
= (

x1,%2) *r (ay1,y2) € X *p Y by Corollary 2.16

So (1, x2) * (y1,y2) € X xp Y for all (x1,29) € X, (y1,y2) € Y.

Again, for the latter statement, pux(z) < px(z) and py(y) < py(y).
Hence, since multiplicities are positive integers:

pxwy (71, 22) * (Y1, 92)) = px((71,22)) - gy ((y1,92)) by Lemma 2.10
< MX((%,xz)) : My((y1, yz)) from above
= i,y ((71,22)g * (y1,%2)) by Lemma 2.10

SO pixa,y (21, 72) *¢ (Y1, Y2)) = pixwy (71, 72) * (Y1, 2)) and so X xp YV =
X*xY. L]
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Example 2.18. There is a (12,19) 6-fold near-factorisation in Zgg given by
{0,1,2,3,4,7,8,9,10, 11, 15,19, 21, 24, 25, 26, 29, 31, 35}
{3,6,7,9,12,16,19, 21,22, 25, 33,34}

Writing this as ordered pairs in Z3 X Zg = Z3g gives,
X =1{(3,0),(6,0),(7,1),(9,0), (12,0), (3,1),(6,1), (8,0), (9, 1), (12, 1), (7,0),
(8 1)}
Y ={(0,0),(1,1),(2,2),(3,0),(4,1),(7,1),(8,2),(9,0), (10, 1), (11, 2), (2, 0),
(6,1),(8,0),(11,0), (12,1),(0,2),(3,2),(5,1),(9,2)}

The semidirect product Z;3 x Zs is defined by the homomorphism ¢, (y) = 9y,
so we want our sets to have the property X = 9X and Y = 9Y. Adding
(1,0) to X and subtracting this from Y gives the equivalent near factorisation

(X', Y").
X' = {(2,0), (5,0),(6,1),(8,0),(11,0),(2,1),(5,1),(7,0),(8,1), (11, 1),
(6,0), (7, 1)}
Y' = {(1,0),(2,1),(3,2), (4,0), (5,1),(8,1),(9,2), (10,0), (11, 1), (12, 2),
(3,0),(7,1),(9,0), (12,0),(0,1), (1,2), (4,2), (6,1),(10,2)}
Which is a (12, 19) 6-fold near-factorisation of Zj3 x Zs.

However, in certain groups we observe a similar pattern of a GSEDF
existing in both the direct and semidirect product, yet Theorem 2.17 cannot
be applied as the Y = aY condition can never be satisfied.

Example 2.19. There is a (4, 10) 2-fold near-factorisation in Zg; given by
{1,8,10,17}

{0,1,2,3,5,6,8,16, 18,19}

Which written as ordered pairs in Z; X Zs is
X = {(17 1)7 (17 2)7 (3a 1)7 (37 2)}

Y ={(0,0),(1,1),(2,2),(3,0),(5,2),(6,0),(1,2),(2,1), (4,0), (5, 1)}
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The semidirect product Z; x Zs is defined by the homomorphism ¢,(y) = 4y,
so we want our sets to have the property X = 4X and Y = 4Y. The Z3
component will always remain fixed under multiplication by 4 = 1 mod 3.
However, since 4 is an order 3 element of Z; no element aside for 0 maps to
itself, and no two elements can be 'swapped’. Consequently, since there are
only two different Z; components in X, it is not possible to add a constant
to X and reach a set X’ such that X' =4X"’.

Example 2.19 shows that the idea presented in Theorem 2.17 does not
explain every case where we appear to be transforming between the direct
and semidirect product.

3 Recursive Constructions for m = 2

In this section we provide a more detailed proof for Construction 4.5 in
[10], and then consider how this construction can be adapted for semidirect
products in the special case t = 3.

Theorem 3.1. [10](Construction 4.5) Let v > 1,t > 1 and v =t = 1 (mod
2). Let G be a group of order v. If there exists a (v, 2; 2, ”21, A, A)-GSEDF
in G, then there exists a (vt,2; 4\, ”t_l; 2], QA)-GSEDF in G X Z;.

Proof. Suppose {D1, Dy} is a (v,2;2\, %
with identity 0. Then |D;| = 2\, |Dy| =
A(G\{0}). Let

2)\ ,2)\)-GSEDF in the group G
and A(Dl, Dg) = A(DQ, Dl) =

2
’U

Dy ={(z,j):x € Dy,j=0,1}

t—1
Dy = {(2,0), (2,20 — 1) 12 € Dp, 1 < i < ——}U

t—1
{(y,20) :y e G\Dy,1 <i < T}

We will show {D}, Dy} is a (vt,2;4M, ”t2_1; 2X,2X)-GSEDF in G X Z;.
First, check D}, D} C G X Z; :
Dy CGand {0,1} CZ;ast > 1,s0 D} C G X Zy.
Dy CGand 0 € Zy, s0 (2,0) € G X Zy Vr € Dy, 1 <4 g
— 1<21—-1<t—-2 = 2i—1€Z, foralll1 <i<&
So {(z,0), (z,2i — 1) 1z € Dy, 1 <i < 51} C G x Zy.
For all x € Dy, (z,t — 1) ¢ {(z,0), (z, z—l) reDy1<i<E)
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So {(z,0), (z,2i — 1)1z € Dy, 1 <i < 51} C G x Zy.
Also, G\D; C G, and {2i;1 <i < tT}CZt as 2 <2 <t—1.
So {(y,2i) :y € G\D,, 1 <i < 5} C G X Zy.
Hence, D}y = {(z,0), (z,2i — 1) 1z € Dy, 1 <i < L} U
{(y,2i) 1y € G\D1,1 <i < 51} C G X Zy.
Now we check D} and D), are disjoint:
Suppose (x1,2z2) € D} N Dj.
Then (x1,22) € D} so x; € Dy and x5 = 0, 1.
xr1 € D1 = x1 ¢ Ds so, since (x1,22) € D), we must have x; € G\Ds.
Hence, o = 2i for some 1 <i < % = 2 < x9 <t—1, which contradicts
(Il,l'g) S Dll
Therefore, D} N D = ¢
Check the sizes of D} and Dj:
D} = Dy x Zs so |Dy| = |Dy| - |Za] = 2X -2 = 4\
In D} there are |D,| options for z, |G\ D,| options for y, and 5t options for
i

Hence |D}| = [{(z,0), (z 2—1):$€D2,1§i§_1}|+|{( i)y €
G\D: : yEG\Davlﬂs%}\:\Dg\(H 5+ 1G\Dof5 = 51+
v _ vl

t;1)+(v_v21)t21 :v2 +vt

v 2
Now we consider A(D}, D}). Let

-Dl - {a17a27 s 7al}7

D2:{blab27"'7bm}
G\(D1UD2):{017627"'7C’R}

v+1

5 2). Then we can write

where [ = 2\, m = ”—31 and n =
A(Dy, DY) = A1 U AU A3

where
Ay = {(z,0), (z,—1) : x € A(Dy, Dy)}

Ay = {(2,2i — 1), (2,2i —2) : & € A(Dy, Dy),1 < KE}

t—1
As ={(4:2), (4,20 = 1) 1y € A(G\D2, D1), 1 < i < ——}

This can be represented with the following subtraction table where the above
blocks are highlighted:
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(ay,0) (a,0) (ay,1) (ar, 1)

(bl,O) (bl—al,O) (bl—al,O) (bl—al,—l) (bl—al,—l)
B 0) | (b —a1,0) .. (byn—a1,0) (b — a1, 1) -.. (b — a1, —1)
(bl,l) (bl—al,l) (bl—al,l) (bl—al,O) (bl—al,())
(bl,t:— 2)|(by —a;,t—2)... (b —a;,t—2) (by —a;,t— 3)... (b —a;,t—?))
(ba, 1) (by —ay,1) ... (ba—ayl) (by —ay,0) ... (ba—a;,0)
(bm,t: — 2)(by, — a:l,t —2)...(by — a:l,t —2)(bm — azl,t —3)...(by — a:l,t —3)
(a1,2) (0,2) coe (a1 —ay,2) (0,1) oo (a1 —ay, 1)
(a,t—1) (Ot=1) .. (@—ant—1) (0t—2) ... (a1—a,t—2)
(ag,2) (ay —ay,2) ... (a2 —a;,?2) (ag —ay,1) ... (az—apl)
(al,t:— 1) (al—ai,t—l)... (O,t:— 1) (al—a;,t—2)... (O,t:— 2)
(¢1,2) (1 —a1,2) ... (c1—a,?2) (¢p —ay,1) ... (c1—apl)
(cl,t'— 1) (cl—a;,t—l)... (cl—a;,t—l) (cl—a;,t—Q)... (cl—a;,t—Z)
(co,2) (ce —ay,2) ... (c3—ay?2) (co—ay, 1) ... (cg—ayl)
(Cnrt = D)|(en — ar,t—1)... (cn— ant—1) (o — ant—2). .. (n — a1, £ — 2)

Table 2: The subtraction table for the (vt, 2; 4\, “t2_1; 2X,2X)-GSEDF in G x
Zy, constructed with the above method.
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Now we show A(D], D) = 2A((G x (Z)¢)\{0}). To do this, we show
every element (a,b) € (G x Z;)\{0} appears exactly two times in A(Dj, D})
Note that |D{]|Dj| = 4A(¥51) = 2A(vt — 1) = 2A|(G x Z;)\{0}|. Hence, it is
sufficient to show that every element (a,b) € (G x Z;)\{0} appears at least
2\ times. To do this we observe the following things:

1. A(Dy, Dy) = A(G\{0}) as {Dy, Dy} is a GSEDF in G.
2. A(G\Dy, Dy) =2X{0} + A(G\{0}). We can see this from the subtrac-

tion table:
aq . a;
a 0 .oa—ap
a; | ay—a; ... 0
C1 ap — Cq a; — C
@] a; — a; —

Here 0 occurs |D;| = 2\ times.
Also A(G\D2,D1) = A(G, Dl) - A(DQ,DI) = ‘DI‘G — )\(D\{O}) =
200} + 2M(G\{0}) = A(G\{0}) = 2M0} + A(G\{0})

Consider the following cases:

e Case 1: b=0:
When b = 0,a # 0 as D} N D) = ¢, so (0,0) ¢ A(D), D). So for any
a € G, by 1, (a,0) appears A times in A;. Also, we see (a,0) A\ times
in Ay from setting i = 1 in the (x,2i — 2) component.

o Case 2: b=1 mod 2:

— Case 2.1: a # 0:
b=1mod 2 and b € Z2; — bz2i—1wherel§z’§%
so for any a € G\{0} and b € Z; such that b = 1 (mod 2),
(a,b) = (a,2i — 1) for some 1 < i < 5*. By 1, (a,2i — 1) appears
A times in Ay and A times in Az by 2.

— Case 2.2: a = 0:
0 ¢ A(Dy, Dy) so (0,b) only appears in As. From 1, (0,b) appears
2\ times in As.
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e Case 3: b=0 mod 2 and b # 0:

— Case 3.1: a #0:
b=0mod2,b#0and b € Z, — b:2i—2f0r2§i§%,
orb=2i,1<i< %.(a,?z’ — 2) appears A times in Ay by 1, and
(a,2i) appears A times in Az by 2. Hence, (a,b) where a,b # 0
and b = 0 mod 2, appears 2\ times.

— Case 3.2: a=0:
From 2, given any b = 0 mod 2, (a,b) appears 2\ times in Ag.

Hence, every element (a,b) € (G x Z;)\{0} appears exactly 2\ times in
A(D}, Dy). So A(D), DY) = 2A((G x Z)\{0}), and therefore {D}, D}} is a
(vt,2; 4\, 2220 2))-GSEDF in G x Z,. ]

2

Example 3.2. There exists a (7,2;2,3;1,1)-GSEDF in Z; given by
Dy = {0,1}, D, = {2,4,6}.
Using the method from the proof of Theorem 3.1, we can construct
D} = {(0,0),(0,1), (1,0), (1, 1)}

D; ={(2,0),(4,0),(6,0),(2,1),(4,1),(6,1),(0,2),(1,2),(3,2), (5,2)}

Looking at the following table representing A(D}, D7), we can see that
(D}, D} is a (21,2;4,10;2,2)- GSEDF in Z,.
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(0,1) (1,0) (1,1)

(0,0)

o N N e i e e e e R

S N e e e e e e N

o~~~ —~

— N

e N T Ty N e e e e T

~— N

o~~~ —~

S N e e e e e N N

o~~~ —~

S N e e e e e N N

Table 3: A(D), D7) with the blocks highlighted as in the proof of Theorem

3.1
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This GSEDF is equivalent to the GSEDF derived from the near factori-
sation given in Example 2.19.

Theorem 3.1 tells us that, given any (v,2;2)\,”7_1;)\, A) GSEDF in Z,
where v > 1 and v = 1 mod 2, we can contruct a GSEDF in Z, X Z; with
parameters (vt, 2; 4\, ”t;; 2X,2) for t > 1,t = 1 mod 2. However, in every
example we found of these 'larger’ GSEDFs we also found a GSEDF with
the same parameters in the semidirect product Z, x Zs3. Hence, we ask the
question, does a similar recursive construction exist to build these GSEDF's
in the semidirect product?

In the case where t = 3, if, by adding a constant if necessary, the GSEDF
constructed in the direct product using the method in Theorem 3.1, satisfies
the conditions in Theorem 2.17, then we may use the same construction and

convert with ease between direct and semidirect product.

Example 3.3. There exists a (13, 3;6,6;3,3)-GSEDF in Z;3 given by
Dy = {0,1,2,3,6,10}, D, = {4,5,7,9,11, 12}
Applying Theorem 3.1 we can construct a (39,2;12,19;6, 6)-GSEDF in Z;3 x
Zs3.
Dy ={(0,0),(0,1),(1,0),(1,1),(2,0),(2,1),(3,0), (3,1),(6,0), (6, 1),
(10,0), (10,1)}
‘Dé - {(47 0)7 (57 0)7 (77 O)’ (97 0)7 (11’ 0)7 (127 O)7 (47 1)7 (57 ]‘)7 (77 1)7 (97 ]‘)7
(117 1)7 (12’ 1)7 (07 2)’ (17 2)7 (27 2)7 (3’ 2)’ (67 2)7 (87 2)’ (107 2)}

Adding (6,0) to D} and D} gives

D} ={(6,0),(6,1),(7,0),(7,1),(8,0),(8,1),(9,0),(9,1), (12,0), (12, 1),

(3,0),(3,1)}
DIQ = {(10,0), (11,0), (0,0), (2,0), (4,0), (5,0), (10, 1), (11,1), (0, 1), (2, 1),
(4,1),(5,1),(6,2),(7,2),(8,2),(9,2),(12,2),(1,2),(3,2) }

This is the GSEDF equivalent to the (12,19) 6-fold near factorisation we
saw in Example 2.18. To verify this, we observe that D7 = X and then
one simply needs to invert D) to check this is equivalent to Y. Therefore,

following Example 2.18 we can add (0,1) to D] and D), which then gives a
(39,2:12,19: 6, 6)-GSEDF in Z3 x Zs.
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However, we saw in Example 2.19 that, in a large number of cases, it is
impossible to satisfy the conditions needed to apply Theorem 2.17. Therefore,
we know that the recursive construction from Theorem 3.1 cannot always be
used to construct the corresponding GSEDF in the semidirect product as we
did above in Example 3.3.

Example 3.4. There exists a (21,2;4,10;2,2)-GSEDF in Z; x Z3 given by
Dy = {(3, 1>> (37 2)7 (57 1)7 (47 2)}

Dy ={(0,1),(4,1),(1,1),(0,2),(2,2), (5,2),(0,0), (1,0),(2,0),(3,0) }
Consider the subtraction table for this GSEDF:

(3,1) (32 (5.1) (42)
0D (30 31 (.0 &)
41)] (6,00 (L1 (L,0) (2,1)
(L) | (2.0 (6,1) (40 (0,1)
0,2)| (3.2) (3.0) (5.2) (4,0
(2,2)] (6,2) (L,0) (1,2) (2,0
(52| (0,2) (5,0 (2.2) (6,0
0,0 31 (32) (5,1) (4.2)
(L) | (6,1) (L2) (L) (2,2)
2,0 21 (6.2) (41) (0,2
(3,0 ] (1) 42 (01 (5.2

Table 4: The table showing A(Dy, D)

Here, we have highlighted blocks in the table in a similar way to Theorem
3.1. Looking at the Zs component, we can observe the same pattern as in
Example 3.2 (the corresponding GSEDF in Z; x Zs). That is, alternating
zeros and ones in the first block, alternating twos and zeros in the second
block, and alternating ones and twos in the third block. However, it is clear
that the Z; components are not following the same pattern. We can see a
near pattern as the Z; components appear to be the same in all three blocks
(aside from the extra row in the third block) but this is broken by the sixth
row

(5,2)[(0,2)(5,0)(2,0)(6,0)

It is interesting to see a similar pattern in the GSEDF table when we
know from Example 2.19, that the (21,2;4, 10;2,2)-GSEDF in Zy = Z7 X Zs
cannot satisfy the conditions for Theorem 2.17.
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Whilst the observations made from Table 4 suggest this GSEDF could
originate from a recursive construction similar to Theorem 3.1, it does not
appear to be the exact same construction. This leaves an interesting area
for future research. Perhaps a construction can be found that would ensure
the symmetric property required by Theorem 2.17. But even then, there is
currently no conversion from direct to semidirect products in this way for
any t > 3.

4 Difference sets

There is a large amount of literature regarding difference sets. Here, we touch
briefly on how difference sets can be used to construct SEDFs and GSEDFs.

Theorem 4.1. [12](Theorem 2.4) Let G be a finite group of size v, and let
Ay, Ay, ..., Ay be a partition of G, where |A;| = k; > 1. Then

{A1, Ay, ALY is a (v,mska, kay oo ks Ay A, - oo, A )-GSEDEF in G| if
and only if each A; is a (v, k;, k; — A\;)-DS in G.

Proof. For any 1 < ¢ < m, using multiset operations throughout, we can
apply set theory to reach:

U AL 4) = A4, G\A)
1<j<muji

= |J A .G\4)

TEA;

= J (A@z, G\ {z})\A(z, A\ {z}))

JJEAZ'

= (U Az, e\ Alz, A\ {z}))

SCEAZ‘ $€Ai

= (U (@\fopnha(a)

TEA;

= (k:(G\{O})NA(A).

And so,
U =x(@G\{o})

1<j<m:ji
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if and only if
A(4;) = (ki — M)(G\{0}).
Hence A; is a (v, ki, k; — X\;)-DS in G. O
Through the computer search for GSEDFs, it was observed that every
GSEDF with m > 3 was in fact a partition into difference sets. Whilst this

was not looked into further within this project, it remains an interesting
conjecture to explore.

Corollary 4.2. [15](Corollary 2.2) Let G be a finite group of size v and
let Ay, Ag, ..., A, be pairwise disjoint (v, k;, ;) difference sets in G, where
|A;| = ki > 1. Let G\{A1,As,..., An} = {51,92,-..,9:}, where r = v =

Z:'nzl kz Then {A17A27 s aAmv {91}7 {92}’ EIRI) {gr}} Is a
(v,m—+ry ki, kay ook, Lo A Ay oo A, 1, o 1)-GSEDF in G, where
ANi=k;— X forall 1 <i<m.

Proof. Forall 1 <j<r
A(g;) = {95 — 9;}
= {0} = 0(G\{0})

So each singleton {g;} is trivially a (v,1,0)-DS in G. Since

(Y vl o=¢

1<i<m 1<5<r
{A1, Aoy A {91}, {92}, - -, {g-}} is a partition of G into (v, k,, ) dif-

ference sets where
k { 1 =t =

1 +>2m
and
Vo A 1<i<m
" 1 i>m

So by Theorem 41a {AlaA27 s 7Am7 {gl}a {92}7 SRR {gr}} is a
(vymA+riky, ke, ook, Lo A, Ay A, 1, .. 1)-GSEDF in G, where
Ai=k;— X forall 1 <i<m. O
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Hence, given just one difference set we can immediately construct a
GSEDF. Additionally, we can create many difference GSEDFs from one of
the form {A, Ao, ..., Am, {91}, {92},--.,{9-}} by breaking chosen A; into
singletons.

It is interesting to note that the computer search only yielded examples
with m > 4 that were comprised of a difference set padded with its com-
plement in singletons. As above, we focused largely on when m=2 so this
remains an open question.

Corollary 4.3. [15](Corollary 2.3) If A is a (v, k, A\)-DS in the finite group
G of order v, then {4, G\{A}}isa (v,2;k,n—k;k— X, k— X)-GSEDF in G.

Proof. The complement of (v, k, A\)-DS is itself a difference set with pa-
rameters (v,v — k,v — 2k — \) [4](18.4). AUG\A = G. Hence, this is
a partition into difference sets, and so by Theorem 4.1, {A, G\{A}} is a
(v,2;k,n — k;k — A\ k — A\)-GSEDF in G. O

From Theorem 4.1, it is clear that the existence of a large number of
GSEDF's is dependant on the existence of difference sets. However, the latter
is a question not yet solved. Whilst, we are able to place restrictions on
parameters that allow for certain types of difference sets, we are yet to prove
a condition to guarantee the existence of difference sets nor can we classify
all difference sets.

5 Cyclotomic Constructions

In this section, we discuss a different method of construction; using cyclo-
tomic numbers. Here, we use the notation GF(q) to represent the unique
finite field of order ¢ where ¢ is a prime power. We use GF'(q)* to represent
the multiplicative group of order ¢ — 1 within this field i.e. GF(q)\{0}. This
group is always cyclic, and we call the generator of GF(q)* the primitive
element.

Remark For readability, throughout this section we use the alternative
set notation X + Y to represent X UY'.

5.1 Cyclotomic Numbers

[15] Let 6 be the primitive element of GF'(q)*, so we can write GF(¢q)* = (6).
Additionally, let e > 2 be a divisor of ¢—1. That is, ¢—1 = ef for some f € Z.
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Then C' = (#°) is a cyclic subgroup of GF(q). Furthermore, [(#°)| = f. The
cosets of C' in GF(q)* are the cyclotomic classes of order e in GF(q)
denote these cyclotomic classes as

c9=¢gco<i<e—1.

Definition 5.1. [15] The cyclotomic numbers of order e on GF(q)* (denoted
(i,7)e where 0 <14,j < e— 1) are defined by

(i,5)e = |1+ ) nCY).

This is equivalent to the number of z € Cl-(e) such that 1 +x € C'](-e).

We will use the following lemma to construct GSEDFs from cyclotomic
classes for small values of e.

Lemma 5.2. [6] Let ¢ be a prime power, and ¢ = ef+1. For0 < j,l <e—1:
(i) A(C7) = 5 (1,0).01,

S, 4).C

(i) A(CY, )

J+b
5.2 e=2
Theorem 5.3. If ¢ is prime and ¢ = 3 mod 4 then, {{0},C?, PV is a
(9,3;1,58, 1 1,448 a4y GSEDF in GF(q)

Proof. By deﬁnition c® +c® = GF(g)*, and ¢P nc® = 4. So
{{0}, C’O : )} partitions GF(q).

A({0}) = 0 GF(q)*, so {0} is trivially a (¢,1,0)-DS. Lemma 5.2 tells us
that:

2 2

A(CY) = Si (i, 00
= (0,0),C + (1,0),C
_ %30(()2) 3y (14_3012)
=G + C)

= TGF(q)"
So CZ@)(Z' =0,1) is a (p’%7 % -DS in GF(p) . Hence, by Theorem 4.1,
({0} {CP). {CP)} isa (p.3: 1, %51, 5211, 251 21). GSEDF in GF(p). O



5.3 e=3

[5] Let GF(q) be a finite field where ¢ is a prime power such that ¢ = 1 (mod
3). Let 4q = ¢ + 27d* ¢ = 1 mod 3 where:

e if p =2 mod 3 then m is even and d = 0

e if p =1 mod 3 then this is the unique proper representation of 4q with
c=1mod 3

For C’i(?’) to be a Difference Set in GF(q) we require A(C’J(z)) GF(q)*.
Equivalently, (0,0). = (1,0), = (2 0)e.

[5] (0,0)c = §(g—8+¢), (1,0), (2q 4—c—9d), (2,0). = £(2¢g—4—c+9d).
Hence, (0,0). = (1,0). = (2 ,0) (g—8+4c¢) = %(2(] —4—c—9d) =
+(2¢ — 4 — ¢+ 9d) implies d = 0 and c=4.

Hence, 4q = 4% so ¢ = 4.

When ¢ = 4, we have the trivial (4,4;1,1,1,1;1,1,1,1)-GSEDF consisting
of each element of the group as a singleton. Hence we cannot, in general,
construct a GSEDF of the form {Cég'), 01(3), C§3), {0}}.

54 e=14

Theorem 5.4. Let ? be a prime power such that ¢ = 1 + 4d? where
2+d Then{c(g47 1 7 ! 3 7{0}}lsa

(q,5; 44, o1, ot ot 1,3qlg1, Satl el 3etl 1) GSEDF in GF(q).

We will use the following Theorem from [5] in the proof of Theorem 5.4.

Theorem 5.5. Let ¢ = p™ = 1 mod 4 where p is an odd prime, and write
q=4f 4 1. Let a be a generator for GF(q)*.
If p=3mod4,let s=(—p)2 and t = 0.
If p=1 mod 4, define s uniquely by ¢ = s> +t*,p{s,s = 1 mod 4.

Then the cyclotomic numbers of the form (i,0), are defined by the fol-
lowing formulae:
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1
16(q 6s)

(1,0) =(0,1) = (3,3) =

For even f: (0,0) =

1
—(q—3+2s5+41)

16
(2,0)= (0,2) ~ (2.2) = (g~ 3 +25)
(3,0) = (0,3) = (1,1) = 116(q—3—|—25—4t)
(12)= (L3)= @21) = 2.3) = (3.1) = (3.2) = g+ 1 - 25)
For odd f: (0,0) = (2,0) = %(q 74 2s)
(1,0) = (3,0) = 7o(g — 3~ 25)

Proof of Theorem 5.4. By definition, CéA‘) +C’§4) —I—CQ(A‘) +C’§4) = GF(q)*, and
the C are mutually disjoint for all 0 < ¢ < 3. Hence,
{C’O ,Cy ,02(4 : 3 ,{O}} partitions GF(q).

From the proof of Theorem 5.3, {0} is trivially a (g,1,0)-DS in GF(q).
Lemma 5.2 tells us that

A(C) = S5, G = 0,007 + (1,00C1Y; + (2,0)C52; + (3,0)C4;. Now

we apply Theorem 5 4. In this case, f = d* where 24 d so f is odd. We must
consider the cases p =1 mod 4 and p = 3 mod 4.

If p =3 mod 4, then m must be odd as p™ = ¢ =1 mod 4. Let m = 2k
for some k € N, then p* = (p*)?2 = 1 + 4d>. Since d > 1,

(2d)? = 4d* < 1+ 4d* < 4d* +4d +1 = (2d + 1)%.

Hence, (p*)? lies between two consecutive squares and so cannot be a perfect
square itself. This is a contradiction, so p # 3 mod 4.
Therefore, p = 1 mod 4, and so we can write ¢ = 12+ (2d)%. So s = 1,t =
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2d. Hence,

(0,00C + (1,0)C1}, + (2,0)C57. + (3,0)C5Y. =

1 (4 1 @ 1 (4)
16(q— T+2)C;7 + E(q =3 =2)00 + 15(a =T+ 2)Cot
1 4 4 4 4
1—6<q —5)(Cy" + O, + O + OfY)) =
1 4 4)
1= + O+ &Y+ OY) = (0 - 5)GF(g)+
SOC’J(.A‘)isa(q,% 15)-DS in GF(q) for 1 < j < 3.
Slnce,% — % = 1o~ ﬁ6q+5 = 3‘1;6?1, by Theorem 4.1,
4 4 4)
{C(() )’ gf )776112( i? — {0}}3 lflaS +1 3¢+1 3g+1
(q,5;qT,T,qT,q4 ,1; Bkl ekl Sadl 3ebl 1) GSEDF in GF(q). O

Remark Theorem 5.4 is stated without proof in [15], however the value
of \; for 1 <17 < 4 is given as % instead of 3q+1 . We believe this to be an
error as

3¢g—3 3(1+4d®) —3 128 38
6 16 =6 — 1 $Las2{d

55 e=6

Here, we omit the proof of several theorems. For detailed proofs of all state-
ments in this section see [14].

The case e = 6 does not yield difference sets is the same way we see for
e=2ore=4.

Theorem 5.6. [14](Part 1, Theorem 16) If ¢ = 6f + 1, then C’(()G) is not a

difference set in GF(q). Additionally, Cé6) + {0} is not a difference set in
GF(q).

However, whilst we cannot simply partition GF(q) into its cyclotomic
classes and the identity to form a GSEDF, we can construct a difference set
by combining certain classes together.

Theorem 5.7. [14](Part 1, Theorem 18) If ¢ = 27 + d*> = 6f + 1, then
Céﬁ) + C’fG) + C’§6) is a difference set in GF(q).
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Since the complement of a difference set is itself a difference set [4](18.4),
C’éﬁ) + C’f) + C’éG) + {0} is a difference set in GF(q). Therefore,

{cl?,c® e (e, ) cP{oy )y

is a GSEDF in GF(q).

6 Further work

We aimed to provide a comprehensive overview of known constructions of
GSEDF's, with a particular focus on groups of order less than 50. Whilst,
many constructions have already been put forward, there is often a large
focus on abelian groups, so there are several examples of GSEDF's within non
abelian finite groups that remain unexplained. The extension of Theorem 2.9
to semidirect products Z,, x Z; for ¢ > 2 is a particularly interesting area for
further research.

Paying extra attention to group structure could provide some clarity as
to why some parameters exist across different groups with the same order,
and others can only exist in one. For example, what GSEDFs exist in the
cyclic group Z, but not in a direct or semidirect product of the same order?
A similar question to this would be considering two non-equivalent GSEDFs
with the same parameters within the same group. Several examples of this
occurring were found.

In addition, the conditions that cause difference sets to arise persist as a
mystery. We know it is only for certain orders of group that difference sets
can be found, however most texts can only go as far as to provide examples
rather than a concrete pattern. Being able to confidently state whether a
partition into difference set is possible would unlock many more GSEDFs,
especially when group order becomes higher than reasonable examples.

Furthermore, much of the literature and this report focuses on the case
when m = 2. In fact, all GSEDFs with m > 2 discussed here or found in our
computer search arise from a partition into difference sets. Is this the only
possibility or can we extend constructions with m = 2, such as the recursive
construction in Theorem 3.1, for m > 37
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