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1 Introduction

Solar power is an increasingly important contributor to global energy needs in the era of global warm-
ing. This is a rapidly expanding sector. In 2023 China had installed over 570 GW in solar capacity
(Kishore, Kumar and Ippili 2025). Additionally, in the UK the planning process for solar panel install-
ation has been streamlined to allow for easier domestic installation of photovoltaic arrays (Energy
Security & Net Zero 2025). However, there are still only limited facilities for modelling photovoltaic
arrays. A popular library exists on Python for modelling photovoltaic arrays called PVLib (Holmgren
et al. 2024). However, PVLib does not have any function to determine annual power output, and
Python is much slower than other languages, such as C or Julia (Krishna et al. 2024).
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Figure 2: Diagram of angles used in derivation.

To model a solar cell for a given coordinate (A, ¢) on Earth, we consider the position of the sun (¢g, Z)
at a given time, as well as the orientation of the solar panel (¢¢,.S). This is where ) is latitude, ¢ is
longitude, ¢g is solar azimuth (measured from North), Z is solar zenith angle, ¢¢ is panel azimuth
and S is panel tilt.

This is used with weather data to predict total irradiance on the solar panel. The reflection losses due
to the panel are then modelled, and power generated by the panel is calculated.

This is an expensive function to compute- sampling weather data introduces random noise. This
makes use of optimisation algorithms prohibitive. When designing a solar array for a suburban house
to generate annual energy above a certain threshold (e.g. annual energy consumption of 3 people),
minimum panel tilt angle is useful to determine viability of the array. This is made more difficult by
noise in the data, which introduces uncertainty.

We propose methods to decrease computational cost of annual energy generation of solar panels,
and compare different optimisation algorithms to determine the best (¢, S) for a fixed (A, ¢). We also
explore a method for determining minimum panel tilt angle for fixed cell azimuth.

2 Background

2.1 Derivation of Annual Energy Generation

D. Yang and Kleissl (2024) laid out a framework for an 12-stage function determining power output of
a solar cell (Fig. 11.1 in D. Yang and Kleissl (2024)). For this function, it was decided to only use the
first 6 stages of this framework. In this section, we outline the equations and theory underlying these
stages to derive an objective function.



2.1.1 Solar Position Algorithm

Solar declination angle § is the angle between the line parallel to the sun’s rays and the plane defined
by the equator (Figure 2).
Basic Solar Position Algorithms (2026) wrote a formula for solar declination angle ¢ in degrees as:

284 +n
365

Where n is the number of days through the year (n € Z*).

We can defined 2 planes. The meridian plane is defined by the direction of the sun’s rays and the
poles of the Earth. The hour circle is the plane defined by the position of the observer and the poles
of the earth. The hour angle H is the angle between these planes (Editors n.d.).

Solar time, T, starts from 0 at solar noon (the highest point of the Sun in the sky), and increases to
1 until the next solar noon. T, does not change at a consistent rate throughout the year due to the
seasons. The variation between T, with no seasonal variation and the apparent T, is expressed in
the equation of time E;(n).

A formula for H was derived by Basic Solar Position Algorithms (2026) as follows:

6 = 23.45sin 2w
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Where )\, is the longitude of the local standard meridian, and ;.. is the local longitude.
Michalsky (1988) found these formulae for solar elevation angle («) and azimuth angle ¢g, increasing
from 0 at North in the eastward direction.

sina =cosAcosdcos H +sinLsiné (5)
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Solar zenith angle, Z, is the angle between the observer’s vertical and the solar elevation angle.
Z = 5 — a. Itis then possible to define the incidence angle ¢ on the solar array, given the solar panel
tilt angle S and the cell azimuth angle ¢¢.

cosf = cos S cos Z + sin S'sin Z cos ¢ — ¢¢ (7)

2.1.2 Annual Energy Modelling

3 quantities are now defined: G;,, By, and D,, that are related to each other as follows.

Global horizontal irradiance G [Wm~2] is the total irradiance onto the horizontal surface. Beam
irradiance B;, [Wm~2] is the irradiance from the sun directly. Diffuse irradiance D; [Wm~?] is the
scattered irradiance (e.g. from cloud cover or Rayleigh scattering). The relationship is given below:

Gy, = Bpcosf + Dy, (8)

A diagram showing more clearly how these relate to each other is displayed in Figure 3.

These 3 quantities can then be used to determine the Global Tilted Irradiation G, using the transpos-
ition equation (D. Yang and Kleissl 2024). This transposes the irradiance on the horizontal surface
onto the solar array.



Dy, -

Figure 3: Diagram to show B;,, and D;, on a horizontal surface.

G.= Bycosl+ RyDy, + pgRrGh (9)

Transposition coefficients calculate the difference between irradiance on the flat ground, and on the
tilted solar panel. R, is the transposition coefficient for the ground’s reflection, and R, is the trans-
position coefficient for diffuse irradiance.

If we assume an isotropic sky (uniform irradiance across the sky), we can define R, and R, as per
Gueymard (2009) and D. Yang and Kleissl| (2024):

1_
R, — cos S (10)
2
1
Ry — +;osS (11)

The absorbed irradiance G/, can be found, given that B. = Bj, cos 6 and D. = R4D),, where p, is local
albedo.

G/c :TbBc—i—Tch—l-TgpgRrGh (12)

While it is possible to model the reflection losses from a solar panel using the Fresnel equations, integ-
rating these across a whole solar array has historically proven difficult (King, Kratochvil and Boyson
2004) (Martin and Ruiz 2001). Hence, a more general approach has been pursued, involving relative
transmittance of front material of the solar panel. There are distinct values of relative transmittance
for By, Dy, and G,. These are given as 73, 74 and 7.

These are expressed as functions of S, a,, ¢; and ¢, which are given in Martin and Ruiz (2001).
c1 = 3% and for an air-glass interaction, a, = 0.173 and ¢, = —0.0675.

We can use the equations from Martin and Ruiz (2001) to determine 7, 7; and 7,.

1—e P*CZSG
szl—{l— |:1—:Xp—al::|} (13)

ra=1—exp{~& |e1 (sin S+ 755808 4y (sins+%>2” (14)

T, =1—exp {—ai [cl (sinS + fjjggg) + cs (sinS - f:g;gg)Q]} (15)

PV cell performance depends on temperature. We model cell temperature using the equations given
by King, Kratochvil and Boyson (2004):

Trod = GC exp (a + bv) + Tomb (16)
G

T.n=T — % AT 17

cell mod 1000Wm_2 ( )

Where v is the windspeed measured at 10m, T,,,, is the ambient temperature, and AT, a and b
depend on the configuration of the array. For the purposes of this study, AT = 3K, a = —3.56,
b= —0.0750sm ! for an open-rack glass/cell/polymer sheet (King, Kratochvil and Boyson 2004).

While there have been successful models proposed for PV cells using different combinations of res-
istors and diodes to predict power output (Laudani et al. 2013), the formula proposed by Evans and
Florschuetz (1977) has been found consistently popular in PV modelling (D. Yang and Kleissl 2024).
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Hence, the below formula was used to predict power, where v,,,,, is the maximum power temperature
coefficient:

!/

G
pyoans ::ngnumﬂefiﬁéB [1+ Py (Tee — 298.15)] (18)

The above equations can be used to predict instantaneous power output from ¢, where ¢ is number
of hours through the year, where all other variables (S, ¢¢ et.) are fixed.

The total energy per year (in kWh) is then found by the integral in Equation 19, where A,,,, is the
area of the total solar array, and 7,,,, is the efficiency:

nmppAmod Evans
—_— P dt 19
1000 / de,mpp ( )

For S € (0,7),S # 0,7 and ¢. € R, ¢. # nm, where n is an integer.

2.2 Surrogate Functions

For global optimisation problems, objective functions are functions that are used to optimise a certain
value and find the best 7 in a search space X*. Objective functions map D ¢ R™ — R (Jamil and
X.-S.Yang 2013), where D is a bounded domain for the function, and n is the number of independent
variables. These can be useful when used to model real-life processes, such as wind turbines (Wilson,
Wakes and Mayo 2017). However, owing to the complexity of modelling real-life situations, it is often
too expensive to use accurate objective functions for optimisation.

A way to decrease the computational cost of modelling and optimising PV cells could be surrogate
modelling - the creation of simple functions to emulate a more complicated system. These have been
used previously to model aerodynamics (Bo et al. 2024) (Y. Zhang et al. 2026), as well as in structural
engineering (Samadian, Muhit and Dawood 2025) to great effect. There are 2 popular surrogate
models that this project will explore. These are Random Forest surrogates (based on decision trees)
and neural network surrogates. In particular, multi-layer perceptrons are feed-forward neural networks
that take a number of inputs and produce numeric outputs by using weighting and different activation
functions.

2.2.1 Neural Networks

Neural networks can be split down into two categories: regression and classification. Regression
algorithms produce a numerical output, whereas classification algorithms produce a qualitative output.
Multi-layer perceptrons are a type of neural network. They take a number of inputs (n) as n neurons.
These are then connected to further neurons in a series of hidden layers. After a number of hidden
layers, the neurons feed into output neurons.

Each neuron in the hidden layers has an activation value. The neuron takes inputs, and determines
its activation value using an activation function. For each neuron in the next layer the neuron is
connected to, the activation value is multiplied by some weighting matrix w and is an input to that next
neuron, with a bias term b.

These are then summed to get the total input of that neuron. For an MLP with input & with N — 1

intermediates {yi,v3,...,yn_1} and an output 7 = YN
yi=1a (20)
Yit1 Zzwiy7+l;i (21)
Z =y (22)

Non-linear activation functions are necessary for neural networks to be distinct from linear transform-
ations. The activation function ¢ is a non-linear function from R — R. Typically used activation
functions are tanh, sigmoid functions, step functions and rectified linear unit (Relu) functions. These
functions and plots of them are shown in Figure 4 (Kaelbling et al. 2020). For an appropriate activation
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function, neural networks can be trained to produce a surrogate function for the mapping between the
input and output to a function.

c 204 ,
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Figure 4: Activation Functions

2.2.2 Random Forest Surrogates

Decision trees are logical operations that can be used for either classification or regression. An
example is shown below (Figure 5) to show a decision tree of survival in the Titanic disaster. These
can be tuned to make regression or classification decisions with high fidelity (for example predicting
weather conditions or determining what a photo is displaying) by varying binary conditions.

Random Forest surrogates are an expansion of decision trees, which are training-efficient and high-
fidelity for some problems. A large number of decision trees are trained from different samples of the
training data by bootstrapping. Each of these trees then makes a prediction based on an input. The
prediction of each tree produces a weighted average output prediction (Pavliov 2000).

2.2.3 Measures of fidelity

The input data to develop the model is typically split into 2 groups: training data and validation data.
To check the fidelity of the model, we compare predictions made by the surrogate to actual values
in the validation data. We can compute 3 values as we do this: mean absolute error, mean squared
error and R? value.

Mean absolute error (M AE) is given by summing the differences between the test value and the
predicted value for all test inputs, and taking the mean. This is useful if all values are above or below
the surrogate, but if values can be both positive and negative, they may cancel out to give a low value
that doesn’t account for the data’s variance. If y; is the output predicted by the surrogate, and yj; is
the true output for a given input ¢ of n inputs, this is given by the formula (Amor et al. 2026b):

n—1
. 1 .
MAE(y,5) =~ |vi = i (23)
i=0

Mean square error squares the differences between the test and predicted values before taking the
average. This is a good way to account for variance in the data if the differences are both positive
and negative (Amor et al. 2026b).
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R? is the coefficient of determination, and measures how well the surrogate model matches the data.
If R? = 1, the surrogate predicts the model perfectly. If the surrogate always predicts the average
output of the function, R? = 0. For assessing surrogate model fidelity, R? is not actually the square
of a quantity, so can take on negative values. The formula for R? is given as (Amor et al. 2026a):

20 i) = 1 2i=t Wi = i)
R (ylv yz) 1 2?21 (yi — §)2 (25)

2.3 Optimisation Methods

Optimisation methods are an active area of research, important for many engineering, physics and
mathematical research applications, for example Faraggiana et al. (2022) conducted a review of
optimisation methods for offshore wind turbine support, while Bala et al. (2023) looked at applying
Particle Swarm Optimisation (PSO) to Fisher’s equation, used to define the relationship between in-
terest rates and inflation.

In Bonyadi and Michalewicz (2017) a minimisation problem is defined as:

find ¥ € S C Ris.tvye S, f(&) < f(7) (26)

Where d is the number of dimensions, f(-) is the fitness function, and S is the search space, bounded
by l; <y; < uj, where j is the dimension of the vector 3.

A number of popular optimisation methods have been proposed for solving engineering problems. 2
of the most popular of these are Particle Swarm Optimisation and Genetic Optimisation Algorithms
(GOAs). These are both derivative-free optimisation methods. Additionally, a number of other derivative-
free optimisation methods have been proposed, including constrained optimisation by linear approx-
imation (COBYLA) (Powell 1994). It was found by Brockhoff and Villain (2025) that COBYLA was the
worst of the 5 derivative-free optimisation methods Powell proposed, so it is a useful benchmark to
compare Particle Swarm Optimisation and Genetic Algorithms against.



2.3.1 Particle Swarm Optimisation

PSO (introduced in Kennedy and R. Eberhart (1995)) was inspired by the flight of birds. It involves
particles going through the search space to minimise or maximise a quantity (e.g. wait time at traffic
lights) (Abualigah 2025). The particle’s position (expressed as a vector), is put through a fitness
function assessing its quality, and this is used to update the particle’s position for the next iteration.
However, issues with convergence have been found (Freitas, Lopes and Morgado-Dias 2020). Each
particle has 3 quantities: current position 7%, velocity 17; and best position 5, for the ith particle at the
tth iteration (Bonyadi and Michalewicz 2017).

Velocity of a particle i at iteration ¢t + 1 is given by Shi and R. C. Eberhart (1999):

Vig = wVi + o1 Ry, (B — T7) + ¢a Ry (3, — 7}) (27)

Where ¢; and ¢o are 2 real numbers called the cognitive and social weights, p; and g; are the
particle’s best solution and the global best solution respectively at iteration t. R}, and R, are diagonal
matrices of random numbers € [0, 1], which are generated at the start of each iteration (Bonyadi and
Michalewicz 2017). The swarm of particles continues until convergence or a maximum number of
iterations, returning g;.

2.4 Probabilistic Bisection

The probabilistic bisection algorithm is a stochastic root-finding function based on the bisection method
(Waeber 2013) which works in one dimension over [0,1]. While there has been extensive research
done on the probabilistic bisection algorithm where the domain is separated into discrete intervals
(Karp and Kleinberg (2007) explored a "binary search with noisy responses”). This method is guaran-
teed to converge exponentially (Wang, Cheng and Xu 2026) where the domain is broken into discrete
regions.

There has been very limited research into probabilistic bisection where [0,1] is non-discrete. Waeber
(2013) and Frazier, Henderson and Waeber (2019) have proven that the method is guaranteed to
converge for the continous case, but not how quickly. There is no extant literature on probabilistic
bisection being used on a practical problem, so this report will seek to explore the algorithm’s use for
solar panel orientation.

1.0 .
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Figure 6: Probabilistic Bisection Example

The Probabilistic Bisection Algorithm (PBA) works like the traditional bisection method (Waeber, Fra-
zier and Henderson 2013). For an input variable 2 on a noisy function g, an oracle 7 is queried to
find if the root of the function is greater or less than x. However, there is only a probability p. € (0.5, 1]
that the oracle gives an accurate assessment of the outcome. p. is not necessarily fixed, as Fra-
zier, Henderson and Waeber (2019) relaxed this assumption. Waeber (2013) published a PhD thesis



on the algorithm, while Frazier, Henderson and Waeber (2019) also found that this result converges
almost as fast as stochastic approximation.

Waeber (2013) assumed that there exists a unique z* € [07 1] such that g(z) < 0 for all z < z*, and
g(z) > 0forall x > xx.

If we take a prior density f; that is positive on [0,1] and a constant p. € (0.5,1) as input parameters,
Waeber (2013) found the steps of the Probabilistic Bisection Algorithm to be as follows, where ¢. =
1—p. "Forn=0,1,2,..., [the PBA] iterates as follows:

1. Determine the next measurement point: X,, = Fgl(%) where F,, is the edf of f,,. Note that X,
is uniquely defined since f,, is a density with domain [0,1].

2. Query the function g at the point X,,, to obtain the random variable Z,, = sgnY,,(X,,) € {—1,+1},
and define Z,, = +1if Y,,(X,,) =0.”

3. Then update f,, using the equations below (Waeber 2013):

2 cJn 9 f - Xn

1 Zn(Xn) = 1, then frra(y) = {25 ; 83 :fz z X (28)
2 cJn I f - X?’l7

" Zn(Xn) = =1, thenfria(y) = {2; f‘ ((Z; :fz Z X (29)

The PBA (Waeber 2013) is implemented in Julia at Marcotte (2025). The convergence test below is
used to halt the iterations:

|bi — a;| < |b—al-€rel + €aps (30)

Where b and a are the upper and lower limits of the sparse distribution (1 and O respectively), and b;
and a; are the lower and upper bounds of the region the oracle believes X could lie in at iteration 4.
The probability density is constant in this region (Figure 6). When the inequality is true, the algorithm
stops and the median of the probability density function f; is returned as the output.

3 Methodology

The function derived in Section 2.1 was run using parameters from the Adani Solar ASP-7-305 (Solar
2026). Npprer = 15.67%, Vinpp = 35.55V, Lypp = 8.58A, Ympp = —0.4%K™! and A,,,q = 20m2.
This A,,.q is usual for commercial solar arrays. Local albedo p,=0.3. For determining 7,, 7, and 7,
¢ = 4, g = —0.0675 and a, = 0.173.

Norway is leading the green energy transition. Oslo Port recently installed solar panels on top of
warehouses (Havn 2023). They also committed to decreasing CO, emissions by 85% from 2018
levels by 2030 and becoming the world’s first emissions free port (Havn 2026). Weather data was
taken at hourly resolution between 2000-01-01 to 2025-01-01 from the Open-Meteo API (Zippenfenig
2024). However, it was not possible to extract data for more than one location, so the data was taken
for the coordinates of Oslo, Norway (A = 52.54833°, ¢ = 13.407822°).

The values recorded were temperature at 2m, cloud cover as a percentage (%), wind speed at 10m
elevation (v) (ms—!), wind gusts at 10m elevation (ms~—!), wind direction at 10m elevation, diffuse
radiation (Dj) (Wm~2) and direct normal irradiance (B},) (Wm~—2).

Means and standard deviations of By, (161, oon), Dh (tan, oan) @nd v (u,, o,,) for each hour of the year
(excluding 29th February) were taken, as well as standard deviations. Hence, for each hour of the
year, it is assumed that By, Dy, and v take on the distributions:

—~
w
—_

-

Bh ~ N(/‘Lbha O-l?h)
Dy, ~ N(pin, o)
v ~ Ny, 07)
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3.1 Surrogate Functions and Optimisation
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Figure 7: Plot of surrogate function training data (Equations 1-19) (4,,,¢ = 20m?).

The value of annual energy predicted by the objective function was too large for neural network sur-
rogate functions to model it successfully without prohibitive amounts of training. Thus, for training the
surrogate model, the objective function prediction was divided by P, s x 103. This is shown in
Figure 7.

Using scikit-learn (Pedregosa et al. 2011), one Random Forest surrogate and one Neural Network
surrogate were trained. The random forest surrogate had 1000 trees and was trained on bootstrapped
data, with a minimum sample split of 2. The neural network surrogate was a Multi-Layer Perceptron,
with 3 hidden layers of sizes 32, 128 and 128 respectively. The activation function was sigmoid, and
the model was trained to 5000 epochs.

A third surrogate was a 2D Gaussian surrogate, given by the equation:

20x 20y

f(ZE, y) = AeXp (_ (z—m0)? . (y,y0)2) (34)

Where A is the amplitude, zy and y, are the centres of the Gaussian along the x and y axes respect-
ively. ox is the standard deviation of the Gaussian along the x axis, and oy is the standard deviation
along the y axis. The values selected were A = 500, 5 = 2.1,05 = 0.4, ¢c = m,04 = 1.6.

For each of these surrogate functions, 3 optimisation methods were used to find the best solution.
These were GOA, using the PyGAD library (Gad 2024); a PSO algorithm, modified from Geeks (2026),
and COBYLA from Virtanen et al. (2020), Z. Zhang (2023) and Powell (1994). The GOA ran with 7
parents mating, and 50 solutions per population for 30 generations. The PSO had 30 particles. All
methods were bounded to S € [0.0001, 7 — 0.0001], and ¢¢ € [0.0001, 27 — 0.0001].

Position and fitness of the best solution from each iteration of the optimisation methods were recorded,
and shown on contour plots of each surrogate. Fitness of each optimisation method against number
of iterations was also plotted.

3.2 Probabilistic Bisection

As discussed in Section 2.4, the Probabilistic Bisection algorithm has only been explored in the 1
dimensional case. From Norway (2026), it was found that Norway’s average annual energy con-
sumption in dwelling and holiday cottages from 2020-2025 (inclusive) was 46402.67GWh. Given that
Norway had a population of 5627400 people at the end of 2025 (Statistics on Population 2026), this
gives an annual energy consumption of 8.2458MWh per capita. The average annual energy con-
sumption for a small domestic house with 3 people in it was 24.7374MWh. Therefore, it was decided
to only use the objective function derived in Section 2.1 in 1 dimension, setting ¢ = © — 0.0001, with
a meaningful threshold E;, of 24.7375MWh.



Eiot (S, m — 0.0001) was computed for 6000 evenly spaced S € [0.0001, 7 — 0.0001]. Each point was
sampled 20 times. The mean (1) and standard deviation (o) of these samples were plotted in Figure
8a.

The position of the threshold X ~ U(a,b). Using Figure 8b, a was the lowest value of S for which
Ey, < p+ 20. bis the highest value of S for which . — 20 < Ey, for all S < b. The values of ¢ and b
were then normalised to the domain [0, 1], as per Waeber (2013). X € (0.4522,0.452878).
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Figure 8: Plot to show bounds of Xx

The probabilistic bisection algorithm was run 1000 times with e,,; = 107 and ¢,; = 10~ for 5 evenly
spaced p. € [0.65,0.95]. Histograms of number of iterations to convergence for each p. were produced
and can be found in Figure 13. Additionally, Figure 12 shows number of iterations to convergence
against 1000 evenly spaced p. € [0.555,0.999].

4 Results

4.1 Surrogate Functions & Optimisation

The surrogate functions discussed in Section 3.1 were generated from 1000 samples across the
domains S € (0,7) and ¢¢ € (0, 27). This was done through Sobol sampling.

The best solutions for each iteration/generation of the three algorithms used on the surrogate functions
(particle swarm optimisation, a genetic optimisation algorithm and COBYLA) were recorded. The
(S, ¢c) positions of these were plotted onto contours of the surrogate functions, and fithess against
number of iterations was also shown.

Model | R®* MAE MSE
Neural Network | 0.919 14.909 864.811
Random Forest | 0.989 5.685 147.347

Gaussian 0.967 12.306 498.540

Table 1: Model Fitness Values

4.2 Probabilistic Bisection

The number of iterations to convergence was recorded for 5 evenly spaced values of p. € [0.65,0.95].
This was done 1000 times for each p., and histograms produced for each. The mean (x) and standard
deviation (o) of number of iterations to convergence for each p. were recorded in Table 2.

10



p.| 065 0725 0800 0.875 0.950
i | 265.72 14025 81.34 5564 39.39

o | 8917 4130 2285 1279 7.25

Table 2: Mean and standard deviation of number of iterations to convergence for each p.

6 — GOA
I3 — PSO
5 COBYLA 480
t3.0
°
=1
5 4] 8 4601
£ |20 : 24 26 — 2
: L
EN £ 4401
: :
< g
»
’ = 120
1 — GOA
— PSO
4001 COBYLA
05 10 15 2.0 25 30 0 5 10 15 20 25
Tilt (rad) Number of generations
(a) Contour Plot (b) Optimisation Fitness
Figure 9: Random Forest Surrogate
354 7
61 — GOA
3. — PSO /_/
54 F t3.25 COBYLA 352 1 /
}3.00 El
g4 f &
3 F2.75 2350
5 ' 5
ER 2.0 : 24 F :
< E 3481
1 b
14 346 — GOA
— PSO
COBYLA
05 10 15 20 25 3.0 0 5 10 15 20 25
Tilt (rad) Number of generations
(a) Contour Plot (b) Optimisation Fitness
Figure 10: Neural Network Surrogate
6 r8.50 —— GOA 5001
— PSO
5 r3.25 COBYLA 495 1
N t 3.00 g
~ 4 5 490
? F2.75 E
= 2.0 / T 485
s3 e a
g £ 480
< £
475
14 — Goa
4704 — PSO
COBYLA
%0 05 10 15 2.0 25 3.0 0 5 10 15 20 25
Tilt (rad) Numer of generations
(a) Contour Plot (b) Optimisation Fitness
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5 Discussion

From Figure 12, there is clearly some geometric relationship between value of p. and mean number
of iterations to convergence. Several functions were proposed to fit this data.

2118.56
vy= (pe — 0.5)~ 13287 (35)
y = 12.723 exp 1.587(p. — 0.5) (36)
110.536
Y= 0503 o)

Equation 35 clearly fit the most accurately, as the relationship between N and p. is not exponential
(Figure 12b). However, it is interesting that Equation 35 fits better than Equation 37. This is not
as expected, as it has been shown that probabilistic bisection converges at a rate slower than, but
arbitrarily close to the canonical "square root” rate of stochastic approximation (Frazier, Henderson
and Waeber 2019). Therefore, Equation 37 would be expected. This could be due to the particular
implementation of probabilistic bisection used (Marcotte 2025).

In Figure 13 it can be seen that the histograms of number of iterations to convergence for each
pe € [0.65,0.95] seem to follow a g distribution with a constant maximum value but translated maxima,
the whole distribution transformed and translated over a larger interval than (0,1). It may be interesting
to determine how the probability density function of the distributions in Figure 13 varies with p. more
exactly, as this was not explored in Waeber (2013). When taken in combination with the functions
in Figure 12 and the limited research into Probabilistic Bisection more generally, this could define an
interesting new research area.

In the wider literature on scientific computing, methods such as Probabilistic Bisection and the op-
timisation methods used in this report (PSO, GOA, COBYLA) would be tested against a benchmark
function such as the zigzag function proposed by Kudela and Matousek (2022), and others detailed
in Jamil and X.-S. Yang (2013). However, this can be a drawback for assessing real-world functions,
as they may have behaviours not reflected in many benchmarks. For example, the objective function
derived in Section 2.1 is noisy and therefore non-differentiable. However, interpolating a curve to the
results, this is both concave and convex when partially differentiated (Figure 7b).

All the methods used in Figures 9b, 10b and 11b did not employ differentials, as the Random Forest
surrogate was not differentiable (though both the Gaussian Distribution and Neural Network surrog-
ates were). PSO and GOA converged at the best solution with fewer iterations than COBYLA, though
GOA took a long time to solve each generation for both the neural network and random forest sur-
rogate. This could be due to the relatively high complexity of GOA as compared to PSO or COBYLA.
When using the neural network and random forest surrogates, the functions were computed faster
when working through a batch of inputs at once, rather than one-by-one. This may be a result of using
the PyGAD package, as opposed to a different genetic algorithm library.

5.1 Limitations

Limitations of the present research include issues with the objective function, as well as with the
optimisation methods used.

The objective function makes several assumptions that do not hold in reality (for example, no shading
from other photovoltaic cells or soiling losses, and no DC or AC losses). While research has been
done into the impacts of these factors (D. Yang and Kleissl 2024) (Gholami et al. 2021), they were
seen to be too complicated to implement into the present model and may be an avenue to explore
in the future. Another limitation was not using popular solar cell modelling libraries such as PVIib
(Holmgren et al. 2024) for Python. While it would have been good to generate data for surrogate
modelling using PVIib, one concern was that the output would not be noisy and therefore testing
probabilistic bisection would not be possible
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Another area of concern is over-fitting of the surrogate models. For example, the Random Forest
surrogate model had an R? value of 0.989. This implied a very strong correlation between the surrog-
ates and the real data despite the noise. Probst, Wright and Boulesteix (2019) found that the number
of trees in a random forest surrogate improved model accuracy, but this suffered from diminishing
returns for thousands of trees. They also found the literature lacked a systematic comparison of dif-
ferent values of hyperparameters. This could be a good avenue to explore for future research, though
there is bias toward reporting new methods in academic publishing (Boulesteix et al. 2017) (Probst,
Wright and Boulesteix 2019). The neural network surrogate had a much lower fidelity (R? = 0.919).
This could be due to how the model was set up, or the activation function not being appropriate.

It was only tractable to use historical data for one location at a time (i.e. Oslo). Using a wider set of
climate data (e.g. from the Climatic Research Unit at the University of East Anglia) could decrease any
impact from overfitting, as well as help explore the best locations for solar panel installation globally.
Areas for further research include improving the realism of the objective function (shading, soiling and
AC/DC losses), extending the function into arbitrary latitudes and longitudes using climate data, and
improving the assumptions made about the weather in light of the climate crisis. Ways to improve the
surrogacy experiments include extracting weather data from either the CRU or NASA to include latit-
ude and longitude in the training data, as well as varying the design of the neural network surrogate,
and number of trees in the random forest model.

The literature into application of probabilistic bisection is incredibly sparse. Further research into
this method and stochastic optimisation more generally outside of finance and constructed examples
may yield novel insights into broader applicability of Probabilistic Bisection and surrogate modelling
to uncertain processes.

6 Conclusion

There is scope to explore more accurate models of solar panel energy output annually, particularly
for industrial use cases with the rapid expansion of the technology. Easy ways to improve the model
used in this report would be to vary latitude and longitude, use more varied weather data and take
into account AC and DC losses. It may be worth considering the impact of climate change on weather
modelling, though this might increase computational cost.

The random forest surrogate was highly accurate, but may have been over-fitted. The neural network
surrogate was under-fitted and underestimated the maximum power that could be generated annually
by a large margin, but this could be due to how the network was set up. The Gaussian surrogate was
good for this specific use case, and shows the benefit of selecting custom functions when appropriate,
but is not as generalisable as the neural network or random forest surrogates.

The present report found that PSO, GOA and COBYLA all work well when working through surrogate
functions, but did not test differentiable optimisation methods such as gradient descent or LBFGS,
limiting the applicability.

While Probabilistic Bisection is a useful method for determining thresholds for noisy functions, there is
limited published research to draw upon. There is clear space for further research (for example how
the probability density function of number of iterations to convergence varies with p., €.,s and €,¢;).
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